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1  So sánh độ 

chính xác của các 
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Tiến Thọ, 

Nguyễn 
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Determining with High Accuracy the Relaxation Modulus
and Creep Compliance of Asphaltic Materials in the Form
of Sums of Exponential Functions from Mathematical

Master Curves of Dynamic Modulus
Thanh-Nhan Phan1; Duy-Liem Nguyen2; Tan-Van Vu3; Vu-Tu Tran4;

H. T. Tai Nguyen5; and Mai Lan Nguyen6

Abstract: According to the physical causality principle, the two components of complex modulus are not independent yet interrelated to each
other via Kramers-Kronig relationships. Using two mathematical functions to predict simultaneously the dynamic modulus (DM) and phase
angle (PA) generally leads to the violation of the causality principle. Therefore, the calculation of one component based on the other one is a vital
task for using mathematical models to predict the linear viscoelastic (LVE) behavior of asphaltic materials. In addition, the relaxation modulus
(RM) or the creep compliance (CC) in the form of sums of exponential functions (SEFs) is necessary for the efficient resolution of the stress–
strain relationship in the time domain. This paper presented a novel method for calculating with high accuracy the RM and CC in the form of
SEFs based on the input DM master curve. First, the midpoint integration scheme was used to calculate the PA based on the exact relationship
between the PA and DM. After that, the storage modulus and compliance were computed and decomposed with high accuracy into SEFs using a
special technique. Then, the closed-form formula of the RM and CCwere derived thanks to the special form function of the storage modulus and
compliance. Finally, the special technique was used once again to decompose with high accuracy the RM and CC into SEFs for possible uses in
finite-element method (FEM) analysis in the time domain. The results showed that the relative errors of all LVE properties computed were lower
than 0.1 percent at all calculating points. DOI: 10.1061/(ASCE)MT.1943-5533.0004366. © 2022 American Society of Civil Engineers.

Author keywords: Mathematical master curve; Kramers-Kronig relationship; Relaxation modulus (RM); Creep compliance (CC);
Closed-form formula; Sums of exponential functions (SEFs).

Introduction

Relaxation modulus (RM) and creep compliance (CC) are funda-
mental properties characterizing the linear viscoelastic (LVE)
behavior of asphaltic materials like asphalt binder and mixture,
based on which the stress response of the material subjected to an

input strain history and vice versa can be established (Tschoegl
1989). An accurate determination of the RM and CC will contribute
to a better characterizing and analysis of damage, cracking, and
rutting of asphaltic materials. It has been widely accepted that the
stress and strain in the time domain can be represented by the
complex stress and strain. The complex modulus and compliance
are therefore defined as the ratio of the complex stress to the com-
plex strain and the inverse of that ratio (Cho 2016). Therefore, the
LVE behavior of an asphaltic material can be characterized by
either the RM/CC in the time domain or the complex modulus/
compliance in the frequency domain. All these LVE properties
are equivalent to each other because of the unicity of the behavior
of the material.

In practice, it is difficult to experimentally determine the RM
and CC using quasi-static testing because of the viscoplastic strain
that always exists in the measured strain at intermediate and high
temperatures. However, the viscoplastic strain does not affect the
measurement of complex modulus/compliance where cyclic load-
ing is applied (Nguyen et al. 2021a). Therefore, complex modulus/
compliance test procedures have widely been used by practitioners
and researchers to characterize the LVE behavior of asphaltic ma-
terials (e.g., Olard and Di Benedetto 2003; Nguyen et al. 2013,
2021b; Pellinen et al. 2003; Rowe et al. 2009; Liu and Luo 2017;
Tan et al. 2020). In such test procedures, both two components of
the complex modulus/compliance in the polar plane can be deter-
mined, based on which the two components in the complex plane
can be calculated.

Because there is only one relationship between the complex
modulus and the RM and between the complex compliance and
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CC, the two components of the complex modulus and compliance
cannot be independent (Booij and Thoone 1982). They are interre-
lated to each other via Kramers-Kronig relations for the physical cau-
sality principle to be satisfied (Booij and Thoone 1982; Tschoegl
1989). Therefore, knowing only one component of the complex
modulus/compliance in the entire range of frequency allows under-
standing the full LVE behavior of the material. Thus, the master curve
of the LVE properties should be carefully constructed to satisfy the
Kramers-Kronig relations. This is a challenging task for mathemati-
cal master curve models. The reason is that a mathematical equation
can only predict one single component of the complex modulus/
compliance at a time, and an explicit equation for the interrelationship
between the two components cannot be exactly prescribed.

Among mathematical models for LVE behavior of asphaltic ma-
terials, sigmoid function–based models have been the most widely
used in the asphalt community for their simplicity and excellent fitting
of the dynamic modulus (DM) (Kim et al. 2015; Liu and Luo 2017;
Liu et al. 2018; Pellinen et al. 2003; Rowe 2009; Rowe et al. 2009;
Tan et al. 2020; Xi and Luo 2021). The parameters of the sigmoid
functions can be correlated to the characteristics of asphalt mixtures
and the binder used in the mixture to construct generic formulas of
DM (Andrei et al. 1999; Bari 2005). Although the generic formulas of
DM were not as accurate as artificial neural network (ANN)-based
predictions as demonstrated by Ceylan et al. (2009), they have been
used as core formulas in the Mechanistic-Empirical Design Guide
software (MEPDG 2004) for their explicit form function and good
predictive ability for various types of asphalt mixtures.

Several techniques have been proposed to ensure a weak or
strong satisfaction of Kramers-Kronig relations for the sigmoid
function–based models. In an early study of Liu and Luo (2017),
the phase angle (PA) master curve was first derived and then used
for constructing the fitting error function involving both the modi-
fied sigmoid (MS) function of DM and the derived function of PA.
Similarly, the function of loss modulus was derived from the MS
function of storage modulus, and both functions were used in the
construction of the fitting error function. The analytical approxi-
mate formulas of Booij and Thoone (1982) were used to derive
the master curves of PA and loss modulus from those of DM and
storage modulus, respectively. With this approach of Liu and Luo
(2017), the Kramers-Kronig relations were weakly ensured, which
may remedy the deficiency of using two different mathematical
functions to simultaneously predict the DM and PA data (e.g., Naik
and Biligiri 2015; Rahman and Tarefder 2018).

The approach was then extended by the same research group
(Liu et al. 2018) to calculate the RM master curve. The exact
formula for deriving the continuous relaxation spectrum from
the MS function of storage modulus was proposed, based on which
the RM was numerically calculated. Lack of consistency between
LVE properties may still exist because Kramers-Kronig approxi-
mate formulas were involved in the formulation. More recently,
Xi and Luo (2021) proposed numerical calculation of the PAs
and loss moduli to strongly ensure the physical causality. However,
a numerical method for calculating the RM and CC from the master
curve of dynamic or storage modulus has not yet been made avail-
able by the group of authors.

The numerical calculation of PA from the DM data can be dated
back to the work of Parot and Duperray (2007), in which a numerical
algorithm was proposed to deal with the scattered data of DM. With-
out this treatment, spurious waviness of phase angles computed from
experimental DM data may occur (Rouleau et al. 2013). However,
basic integration schemes such as trapezoidal and midpoint rules
can be applied to accurately calculate the PA from the predicted
master curve of DM or the loss modulus from the predicted master
curve of storage modulus (e.g., Xi and Luo 2021). Furthermore,

several researchers have reported considerable difficulties when
measuring the PA, especially at low frequency (e.g., Rowe 2009;
Zhang et al. 2020). The problem seems to stem from the extremely
small values of the time lag between the stress and strain signals as
well as oscillations of the measured signals in the dynamic testing.
Thus, in case the accuracy of the PA data is not as good as that of the
DM data, only the master curve of the DM should be constructed and
predicted by amathematical model. After that, the master curve of PA
must be accurately calculated from the DM master curve. With this
process, the large discrepancy of the PAs tested is expected to not
affect the overall R2 value of the fitting process.

In terms of time-frequency interconversion for LVE properties,
a large number of numerical methods have been proposed in the lit-
erature, which can be shortly summarized as follows. Baumgaertel
and Winter (1989) have proposed the fitting of the storage and loss
modulus by functions equivalent to those of the generalized Maxwell
(GM) model with the aid of an undisclosed nonlinear least-square
program. The approach was then modified by Mead (1994). Instead
of determining the relaxation times, they were selected a priori to
turn the nonlinear least-square optimization into an easier linear
problem. Later, Mun et al. (2007) proposed to fit only the storage
modulus/compliance by that of the GM model and to adjust the
PA values before the fitting process to improve the accuracy of the
fitting. A predefined set of relaxation/retardation times was also se-
lected to prevent a nonlinear resolution. More recently, Zhang et al.
(2018) used the GM model to predict both the storage and loss
modulus calculated from the MS function of DM and the pre-
smoothed PA function of Rahman and Tarefder (2018). However,
the satisfaction of Kramers-Kronig relations in the formulation
was left undiscussed by those authors.

A detailed discussion on analytical approximate formulas for
time-frequency interconversion has been presented by Schapery
and Park (1999). Owing to the simplicity and good accuracy of the
analytical approximate formulas of Schapery and Park (1999), they
have been widely used in the literature. Emri et al. (2005) have
shown that most analytical approximate formulas, including those
of Schapery and Park (1999), achieved an acceptable level of
accuracy (lower than 5%). The same level of accuracy was also
reported by Nguyen et al. (2021a, 2022) when dealing with the
Huet-Sayegh (HS) model. Although the analytical approximate for-
mulas are useful in calculating the values of RM and CC, their form
functions are not suitable to develop a recursive formula of stress
and strain, with which the computational efficiency will be signifi-
cantly improved.

Therefore, this paper aimed at developing a method for deter-
mining with high accuracy (lower than 0.1%) the RM and CC from
the mathematical master curve of DM. The sought formulation
must fully obey the physical causality principle and LVE theory.
In addition, the RM and CC must be decomposed with high accu-
racy into the sums of exponential functions (SEFs), or Prony series,
for a computational efficiency of finite-element method (FEM)
analysis of asphaltic structures in the time domain.

Theoretical Formulation

In what follows, classical equations of LVE theory will be summa-
rized, based on which the new formulation will be presented for
calculating with high accuracy the RM and CC from mathematical
DM master curves.

Fundamental LVE Properties of Asphaltic Materials

Let EðtÞ denote the LVE relaxation modulus, which describes the
stress response of a viscoelastic material subjected to a unit step

© ASCE 04022219-2 J. Mater. Civ. Eng.
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function of strain. Knowing EðtÞ in the entire range of time allows
understanding the full LVE behavior of the material. In effect, as-
suming that the strain is small enough such that the Boltzmann
superposition principle still holds, the stress in the material caused
by an arbitrary strain history is given as follows (Tschoegl 1989):

σðtÞ ¼
Z

t

−∞
Eðt − τÞ dεðτÞ

dτ
dτ ð1Þ

where εðtÞ = strain history; and σðtÞ = stress response. Let us now
study a harmonic strain input εðtÞ ¼ ε0 cosðωtÞ, where ε0 is the
magnitude and ω is the angular frequency of the signal. Assuming
that the previous strain input signal is the real part of the complex
strain εðiωtÞ ¼ ε0ðcosðωtÞ þ i · sinðωtÞÞ, we have

σðtÞ ¼ ℜ

�
ε0iω

Z
t

−∞
Eðt − τÞ · eiωτ · dτ

�
ð2Þ

where i2 ¼ −1 is the imaginary unit; ℜðzÞ = real part of z; and the
equality eiωt ¼ cosðωtÞ þ i · sinðωtÞ has been used. Performing the
change of variable u ¼ t − τ in Eq. (2) gives rise to

σðtÞ ¼ ℜ

�
ε0 · eiωtiω

Z þ∞
0

EðuÞe−iωudu
�

ð3Þ

By convention, one defines the complex modulus as follows
(Tschoegl 1989):

E�ðiωÞ ¼ iω
Z þ∞
0

EðtÞe−iωtdt ð4Þ

Then, the real-valued stress response of the material caused by a
harmonic strain input is, therefore, the real part of the complex
stress σðiωtÞ

σðtÞ ¼ ℜ½σðiωtÞ� ¼ ℜ½E�ðiωÞ · εðiωtÞ� ð5Þ

The real and imaginary parts of the complex modulus are called
storage ðE 0Þ and loss moduli ðE 0 0Þ, and its magnitude and argu-
ment are called dynamic modulus ðjE�jÞ and phase angle (φE).
Similarly, the corresponding complex compliance is defined by
convention (Tschoegl 1989) as follows:

D�ðiωÞ ¼ iω
Z þ∞
0

DðtÞe−iωtdt ð6Þ

where DðtÞ = CC representing the strain response of the viscoelas-
tic material caused by a unit step function of the stress. It can be
easily demonstrated that (Tschoegl 1989)

D 0ðωÞ ¼ jD�ðiωÞj cosð−φEðωÞÞ; D 0 0ðωÞ
¼ jD�ðiωÞj sinð−φEðωÞÞ ð7Þ

where D 0 and D 0 0 = real and imaginary parts of D�ðiωÞ, widely
called storage and loss compliances. It can be seen in Eq. (7) that
the PA of the complex compliance is the opposite of that of the
complex modulus.

Kramers-Kronig Relationships

The two components of the complex modulus and compliance must
obey Kramers-Kronig relationships for the physical causality prin-
ciple to be satisfied (Booij and Thoone 1982) as follows:

E 0ðωÞ ¼ E�ðω → ∞Þ þ 2

π

Z þ∞
0

uE 0 0ðuÞ
ω2 − u2

du;

E 0 0ðωÞ ¼ 2ω
π

Z þ∞
0

E 0ðuÞ
u2 − ω2

du ð8Þ

ln jE�ðωÞj ¼ ln jE�ðω → ∞Þj þ 2

π

Z þ∞
0

uφEðuÞ
ω2 − u2

du;

φEðωÞ ¼
2ω
π

Z þ∞
0

ln jE�ðuÞj
u2 − ω2

du ð9Þ

Because their integral is equal to zero, ωφEðωÞ=ðω2 − u2Þ and
ln jE�ðωÞj=ðu2 − ω2Þ were omitted in Eq. (9). Kramers-Kronig
equations for complex compliance are obtained straightforwardly
by substituting the character E in Eqs. (8) and (9) by character
D and are not presented here. In practice, the PA is more difficult
to be accurately measured than the DM, as previously discussed.
Therefore, the analytical approximate formula of PA proposed by
Booij and Thoone (1982) was chosen to be presented here

φEðωÞ ¼
1

π

Z þ∞
0

ln

���� uþ ω
u − ω

���� d ln jE
�ðuÞj

d ln u
d ln u ð10aÞ

φEðωÞ ≃ π
2

�
d ln jE�ðuÞj

d ln u

�
u¼ω

ð10bÞ

To obtain this approximation, the rate of change of the derivative
of ln jE�ðuÞj with respect to ln u was assumed to be much smaller
than that of ln jðuþ ωÞ=ðu − ωÞj so that the derivative can be put
outside the integral, and the following equality has been used:

Z þ∞
0

ln

���� uþ ω
u − ω

����d ln u ¼
Z þ∞
−∞

ln jvj
v2 − 1

dv ¼ π2

2
ð11Þ

Because the increase rate of the derivative is not always small
compared with the rate of change in value of ln jðuþ ωÞ=ðu − ωÞj,
the accuracy of this approximation is not very good, as will be
shown in the next section.

If the DM data have been predicted (or fitted) using a math-
ematical model, Eq. (10a) can be numerically integrated as follows.
Let the range of frequency of interest be discretized by 2N þ 1
equidistant points in the base 10 logarithmic scale

logωi ¼ flogω−N ; : : : ; logω0; : : : ; logωNg; i ¼ −N; : : : ;N

ð12Þ

The dummy variable u in Eq. (10a) was also discretized by us-
ing 2M þ 1 points in the base 10 logarithmic scale equally spaced
at a step of h ¼ ðlogωM − logω−MÞ=ð2MÞ. By using the classical
midpoint rule, the PA in Eq. (10a) can be calculated

φEðωiÞji¼−N; : : :N ≃ h
π
·
X2M−1

j¼1

ln

���� 10
log ujþ1=2 þ 10logωi

10log ujþ1=2 − 10logωi

����
·

�
d ln jE�ðuÞj

d ln u

�
u¼ujþ1=2

ð13Þ

It should be mentioned that the integral in Eq. (10a) must
be considered as the principal part because of the singular points
u ¼ �ω (Lakes 1999). Therefore, the points log ujþ1=2 ¼ � logωj,
if any, will be ignored in the calculation of Eq. (13).
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Time-Frequency Interconversion

The CC or RM function is required for defining the stress–strain
relationship in the time domain. However, physical relationships do
not exist for mathematical LVE models. Thus, the integral equa-
tions in Eqs. (4) and (6) were used to derive the LVE properties
in the time domain.

RM and CC as Inverse Fourier Transform of Dynamic
Viscosity
It can be demonstrated that (Cho 2016)

E�ðiωÞ
iω

¼
Z þ∞
0

EðtÞ · cosðωtÞ · dt − i
Z þ∞
0

EðtÞ · sinðωtÞ · dt

¼ η 0ðωÞ − i · η 0 0ðωÞ ð14Þ
where η 0ðωÞ and −η}ðωÞ = real and imaginary part of the complex
number E�ðiωÞ=iω, called dynamic viscosity.

Remark 1: The real part of E�ðiωÞ=ðiωÞ is even when the
imaginary part of E�ðiωÞ=ðiωÞ is odd.

The RM function can be obtained by performing the inverse
Fourier transform

EðtÞ ¼ 1

2π

Z þ∞
−∞

E 0 0ðωÞ − iE 0ðωÞ
ω

ðcosðωtÞ þ i sinðωtÞÞdω ð15Þ

where E�ðiωÞ=ðiωÞ ¼ ðE 0 0 − iE 0Þ=ω has been used. According to
Remark 1, E 0 0=ω is even, −E 0=ω is odd; both E 0 0 cosðωtÞ=ω and
E 0 sinðωtÞ=ω are even with ω. It can be deduced that

EðtÞ ¼ 1

2π

Z þ∞
−∞

E 0 0ðωÞ cosðωtÞ
ω

dωþ 1

2π

Z þ∞
−∞

E 0ðωÞ sinðωtÞ
ω

dω

¼ 1

π

Z þ∞
0

E 0 0ðωÞ cosðωtÞ
ω

dωþ 1

π

Z þ∞
0

E 0ðωÞ sinðωtÞ
ω

dω

ð16Þ
which is a real-valued function. In addition, EðtÞ ¼ 0 for t
varying from −∞ to 0. Because E 00 cosðωtÞ=ω is even whereas
E 0 sinðωtÞ=ω is odd with t, we have (Lakes 1999)
Z þ∞
0

E 00ðωÞ cosðωtÞ
ω

dω ¼
Z þ∞
0

E 0ðωÞ sinðωtÞ
ω

dω; ∀ t ≥ 0

ð17Þ

Hence, the equation for calculating the RM is obtained (Lakes
1999) as follows:

EðtÞ ¼ 2

π

Z þ∞
0

E 0ðωÞ sinðωtÞ
ω

dω

¼ 2

π

Z þ∞
0

E 0 0ðωÞ cosðωtÞ
ω

dω; ∀ t ≥ 0 ð18Þ

And by similarity

DðtÞ ¼ 2

π

Z þ∞
0

D 0ðωÞ sinðωtÞ
ω

dω

¼ 2

π

Z þ∞
0

D 0 0ðωÞ cosðωtÞ
ω

dω; ∀ t ≥ 0 ð19Þ

Development of a Closed-Form Formula for the RM and CC
Due to the complexity of Kramers-Kronig relationships, the closed-
form formula of the storage and loss modulus/compliance cannot
be determined from the master curve of DM and compliance. In
addition, the time-frequency interconversion formulas are in the
form of indefinite integral whose value cannot be analytically
calculated in a general manner. Therefore, in order to derive a

closed-form formula of the RM and CC, the storage and loss
modulus/compliance function must be approximated by some spe-
cial functions for the indefinite integral to be analytically integrated.
Because the equalities in Eqs. (18) and (19) are equivalent, we will
consider the first equality involving only the storage modulus and
compliance. It is obvious that the storage modulus increases with
an increase of frequency but the storage compliance decreases, and
that both functions tend to their asymptotes when ω → ∞. As a re-
sult, the storage modulus and compliance can be decomposed into
sums of decaying functions like the exponential function. More im-
portantly, the integral ∫ þ∞

0 ðeα·ω · sinðωtÞ=ωÞdω can be analytically
calculated in case α < 0. Therefore, the remaining task is to decom-
pose the storage modulus and compliance into SEFs as follows:

E 0ðωÞ ≃ E�ðω → ∞Þ −XNj

j¼1

E 0
je

bjω;

D 0ðωÞ ≃ D�ðω → ∞Þ þ
XNj

j¼1

D 0
je

cjω ð20Þ

where bj and cj < 0 = real-valued negative decay rates; Ej andDj =
real-valued coefficients; and Nj = number of exponential functions
used. The coefficients are not limited to be positive or negative num-
bers because Eq. (20) is just a mathematical approximation without
any physical meaning. The larger the number Nj is, the higher the
accuracy of the approximation that will be gained. Thus, the value of
Nj must be chosen depending on the desired level of accuracy. Once
the storage modulus and compliance have been approximated using
SEFs, the closed-form formulas of the RM and CC are obtained

EðtÞ ¼ E�ðω → ∞Þ − 2

π

XNj

j¼1

E 0
j · tan

−1
�

t
−bj

�
;

DðtÞ ¼ D�ðω → ∞Þ þ 2

π

XNj

j¼1

D 0
j · tan

−1
�

t
−cj

�
ð21Þ

The proof of Eq. (21) is left in Appendix I for the sake of brevity.
Once the RM and CC are obtained, they can be decomposed into

50
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50000

1.E-07 1.E-02 1.E+03 1.E+08

dy
na

m
ic

 m
od

ul
us

 (
M

Pa
)

reduced frequency (Hz)

0°C 10°C 20°C

30°C 40°C 50°C

60°C HS fitting

Fig. 1. DM master curve data of the unmodified asphalt mixture stu-
died by Nguyen et al. (2021a).
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SEFs for improving the computational efficiency of FEM analysis
in the time domain. The summary of the proposed method in the
form of an algorithm is presented in Algorithm 1 to facilitate the
reading of this paper and to highlight the novelties in the proposed
approach. The special technique used for approximating a decaying
function by SEFs is the modified version of the Dombi algorithm
presented by Nguyen et al. (2022), which will be shortly presented
in the next paragraph.

Algorithm 1. Algorithm for determining the RM and CC in the
form of SEFs from DM master curves
Input data: presmoothed (mathematical or mechanical) master
curves of DM data:
- Define the range of frequency of interest (ωi) in the logarithmic
scale.
- Define the range of time of interest (ti) in the logarithmic scale.
Step 1. Numerically calculate the PA φEðωiÞ using Eq. (13), then
calculate the storage modulus and compliance

E 0ðωiÞ ¼ jE�ðiωiÞj · cosðφEðωiÞÞ;
D 0ðωiÞ ¼ cosðφEðωiÞÞ=jE�ðiωiÞj

Step 2. Decompose with high accuracy the storage modulus and
compliance into SEFs

E 0ðωiÞ ≃ E�ðω → ∞Þ −XNj

j¼1

E 0
je

bjωi ;

D 0ðωiÞ ≃ D�ðω → ∞Þ þ
XNj

j¼1

D 0
je

cjωi

Step 3. Calculate the RM and CC

EðtiÞ ¼ E�ðω → ∞Þ − 2

π

XNj

j¼1

E 0
j · tan

−1ð−ti=bjÞ

DðtiÞ ¼ D�ðω → ∞Þ þ 2

π

XNj

j¼1

D 0
j · tan

−1ð−ti=cjÞ

Step 4. Decompose with high accuracy the RM and CC into SEFs
for possible uses in FEM analysis in the time domain

EðtiÞ ¼ Eðt → 0Þ þ
XN 0

j

j¼1

Eje
b 0
jti ;

DðtiÞ ¼ Dðt → ∞Þ −XN 0
j

j¼1

Dje
c 0
jti

Approximation of a Decaying Function by SEFs Using the
Modified Dombi Algorithm
It remains to us to deal with the approximation of the storage modu-
lus and compliance into SEFs. Thanks to the work of Dombi (2005)
and Nguyen et al. (2022), this kind of approximation can be per-
formed with a controllable and high level of accuracy. The

algorithm mainly includes two steps. First, appropriate decay rates
were determined based on an m-order polynomial whose coeffi-
cients are determined based on the values of the input function.
Then, the coefficients of exponential functions were optimized to
best fit the input data using linear least-square techniques. The al-
gorithm is summarized in Appendix II for facilitating the reading of
this paper. Interested readers are also invited to refer to Nguyen
et al. (2022) and references quoted therein for a more detailed pre-
sentation of the algorithm.

Application Examples

This section presents application examples, which were carried out
based on the previous algorithm to assess the efficiency of the pro-
posed formulation. All the results were obtained with the aid of the
MATLAB version R2015 program running on a Core i5 computer.
The obtained results will be compared with either exact solutions,
analytical approximate solutions, or experimental results for vali-
dation purposes. In the following, Eq. (22a) will be used to measure
the relative error or (difference) of the computed results at all cal-
culating points except Eq. (22b), which is devoted to evaluating the
relative error or (difference) of the storage or creep compliance

Err ¼ maxfðf̄i − fiÞ=fig ð22aÞ

Err ¼ maxfð1=f̄i − 1=fiÞ · fig ð22bÞ

Example 1: Master Curves of Dynamic Modulus of HS
Model as Input Data

In this example, the aim is to assess the efficiency of the proposed
method in dealing with the master curves of DM of asphaltic ma-
terials such as hot-mix asphalt mixtures. Therefore, the master
curves of DM derived from the HS rheological model (Huet
1963; Sayegh 1965) were considered in this example despite the
method being intended to be applied for mathematical models
of DM. Owing to the existence of exact values of LVE properties,
the accuracy of the results obtained with the proposed method can
be evaluated.

The complex modulus of the HS model has been given by
Nguyen et al. (2022) and Olard and Di Benedetto (2003)

E�
HSðωÞ ¼ E0 þ

E∞ − E0

1þ δðiωτðTÞÞ−k þ ðiωτðTÞÞ−h ð23Þ

where ω = angular frequency (rad/s); and δ and 0 < k < h < 1 =
model parameters determined based on dynamic modulus data. It
should be noted that δ ¼ τðTÞ · ðE∞ − E0Þ=η1, in which τðTÞ is
the characteristic time and η1 is the viscositylike parameter of the
first parabolic dashpot of the HS model relating the stress to strain
via a fractional differential equation (Pronk 2005). The determination
of η1 was not necessary because it does not involve in the HS model
equation. In Eq. (23), E0, E∞ are the value of E�ðωÞ when ωτ → 0
and ωτ → ∞, respectively. Given that i ¼ cosðπ=2Þ þ i ·
sinðπ=2Þ ¼ expðiπ=2Þ, Eq. (23) can be rewritten

E�
HSðωÞ ¼ E0 þ

E∞ − E0

A2 þ B2
ðAþ B · iÞ ð24Þ

where the values of A and B are
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A ¼ 1þ δ
cosðkπ=2Þ
ðωτðTÞÞk þ cosðhπ=2Þ

ðωτðTÞÞh ;

B ¼ δ
sinðkπ=2Þ
ðωτðTÞÞk þ sinðhπ=2Þ

ðωτðTÞÞh ð25Þ

From Eq. (24), the exact storage, loss modulus, DM, and PA of
the HS model can be easily calculated: (Nguyen et al. 2022; Olard
and Di Benedetto 2003)

E 0
HSðωÞ ¼ E0 þ A

E∞ − E0

A2 þ B2
ð26aÞ

E 0 0
HSðωÞ ¼ B

E∞ − E0

A2 þ B2
ð26bÞ

jE�
HSðωÞj ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðE 0

HSðωÞÞ2 þ ðE 0 0
HSðωÞÞ2

q
ð27aÞ

φE;HSðωÞ ¼ tan−1
�
E 0
HSðωÞ

E 0 0
HSðωÞ

�
ð27bÞ

The exact values of the RM and CC can also be numerically
calculated using the discrete relationships presented by Nguyen
et al. (2021a, 2022).

The HS master curve of DM of the unmodified asphalt mixture
studied by Nguyen et al. (2021a) was reused as input data for
the proposed algorithm (Fig. 1). The best-fit HS parameters are also
provided in Table 1. From Eq. (27a), the derivative of ln jE�

HSðωÞj
with respect to lnω can be derived

d ln jE�
HSðωÞj

d lnω
¼ ωðE∞ − E0Þ

jE�
HSðωÞj2

�
E0ðt1 − t2Þ − ðE∞ − E0Þ

t2
2A

�

t1 ¼
dA
dω

1

A2 þ B2
;

t2 ¼
2A

ðA2 þ B2Þ2
�
A
dA
dω

þ B
dB
dω

�
ð28Þ

According to the master curves of the DM, the range of fre-
quency of interest was fixed as ω ∈ ½10−10; 108� and the range
of the dummy variable was chosen larger than that range, namely
u ∈ ½10−25; 1025�, to properly calculate the integral in Eq. (10). The
number of the subintervals to discretize the dummy variable in the
base 10 logarithmic scale was 50,000. The calculated results are
summarized as follows.

The PAs versus the angular frequencies are plotted in Fig. 2(a),
in which a good agreement between the computed PAs and the ex-
act ones can be observed. The relative errors between these values
were smaller than 3.3 × 10−4 at all calculating points. As a result,
the computed storage and loss moduli agreed well with the exact
values as shown in the Cole-Cole diagram [Fig. 2(b)]. In effect, the
relative errors between the computed and the exact storage moduli
calculated from Eq. (26a) were lower than 1.04 × 10−4, and the
relative errors between the computed and the exact loss moduli cal-
culated from Eq. (26b) were lower than 1.75 × 10−4.

By this occasion, the accuracy of the analytical approximate PAs
calculated with the formulation of Booij and Thoone (1982) was also
evaluated. As can be observed in Fig. 2(a), the analytical approxi-
mate PAs were not close to the exact ones calculated from Eq. (27b).
The maximal error was approximately 0.6° at the inflection point of
the master curve of dynamic modulus, ω ≈ 10−2.36 rad=s, and the

relative error at that point was 2.1 × 10−2. Nevertheless, as the fre-
quency approached extremely low or rather high values, the relative
errors between the analytically approximated PAs and the exact val-
ues were rather large, up to 15.35%. This lack of accuracy certainly
results in a shortage of accuracy of the storage and loss moduli com-
puted, as can be seen in Fig. 2(b).

The experimental values of the PAs are also presented in
Fig. 2(a), in which a relatively good agreement between the calcu-
lated and tested PAs at frequencies lower than 103 rad=s can be
observed. At that frequency range, the absolute error between these
PAs was lower than 6.16°, and the relative error was almost lower
than 38.53%. However, the large discrepancy of the tested PAs did
not allow the tested storage and loss moduli to form a reasonable
master curve in the Cole-Cole diagram in Fig. 2(b). In effect, the
errors between the experimental values and the exact ones approx-
imately ranged from −2,000 to 3,100 MPa. In terms of relative er-
rors, the experimental storage moduli differed <15% from the exact
ones, whereas the experimental loss moduli may differ >200%

from the exact ones at frequencies higher than 104 rad=s. This dem-
onstrates that the PAs were more difficult to measure accurately
than the DM.

An important step of the proposed method is to decompose
the storage modulus and compliance into SEFs. By using the
modified Dombi algorithm presented by Nguyen et al. (2022),
the storage modulus and compliance were approximated with
high accuracy by SEFs and are presented in Figs. 3(a and b).
It was found that the relative errors due to the approximation pro-
cess were extremely small, lower than 10−10 at all estimating
points when 200 exponential functions were used in the sums,
which can be neglected.

The RM and CC were computed using the closed-form formulas
in Eq. (21) and are presented in Fig. 4. The results show that the
relative errors of the obtained RM and CC were lower than 3.46 ×
10−4 at all computing points. In addition, the master curve of CCs
of the mixture experimentally determined by Nguyen et al. (2021a)
is also shown in the figure to confirm the good agreement between
the computed and experimental CCs.

For better computational efficiency of FEM analysis in the time
domain, the computed RM and CC should be decomposed into
SEFs. This task can be easily performed with the aid of the modi-
fied Dombi algorithm. It was shown that the relative errors between
the values approximated by SEFs and the computed values were
lower than 3.46 × 10−6 at every estimating point when only pos-
itive coefficients were used. Such a high level of accuracy allows
one to obtain a maximal relative error of lower than 3.46 × 10−4
between the values of the SEFs and the exact values.

It is obvious that the relative error of the computed RM and CC
was at the same order of magnitude as that of the computed PAs.
As a result, an increase in the accuracy of the computed PAs will
give rise to an increase in the accuracy of the computed LVE
properties.

Table 1. HS parameters of the unmodified mixture studied by Nguyen
et al. (2021a)

Properties Values

E0 (MPa) 140
E∞ (MPa) 19,550
k 0.390
h 0.500
δ 12.000
τ (s) 20.000
Tref (°C) 20
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Example 2: MS Model

This example is devoted to demonstrating the ability of the pro-
posed method in dealing with the MS master curve of the DM pro-
posed by Rowe (2009) and Rowe et al. (2009)

log jE�
MSðωÞj ¼ δ þ αh

1þ λ · exp
�
β þ γ log

�
ω
2π

		i
1=λ ð29Þ

where δ = value of log jE�
MSðωÞj when ω → 0; δ þ α = value of

log jE�
MSðωÞj when ω → þ∞; and λ, β, and γ < 0 = parameters

controlling the shape of the function. The best-fit parameters of
the MS master curve determined by Liu and Luo (2017) for an
unmodified asphalt mixture at the reference temperature (20°C)
were chosen as input data for the proposed algorithm, namely
δ ¼ 2.08, α ¼ 2.54, λ ¼ 0.18, β ¼ −0.98, and γ ¼ −0.41. The
plot of the DM versus the angular frequency is shown in
Fig. 5(a). The angular frequency was used in this study instead
of the frequency to maintain the consistency of the formulation
throughout the paper.

The corresponding LVE properties such as PA, storage modulus,
RM, and CC can be analytically approximated as follows. Letting
v ¼ β þ γ logðω=2πÞ, the derivative of log jE�ðωÞj with respect to
logω can be derived from Eq. (29) in a straightforward manner

d log jE�
MSðωÞj

d logω
¼ − αγev

ð1þ λ · evÞ1þ1=λ ð30Þ

The PA can be analytically approximated using the formula of
Booij and Thoone (1982)

φE;MSðωÞ ≃ −π
2
·

αγev

ð1þ λ · evÞ1þ1=λ ð31Þ

based on which the storage modulus and its logarithm function can
be approximated by

E 0
MS ≃ jE�

MSðωÞj · cosðφE;MSðωÞÞ;
logðE 0

MSÞ ≃ log jE�
MSðωÞj þ log½cosðφE;MSðωÞÞ� ð32Þ

According to the work of Schapery and Park (1999), the RM
and CC can be analytically approximated based on the master curve
of the storage modulus

EMS

�
t¼ 1

ω

�
≃E0

MSðωÞ
λ0ðωÞ ; DMS

�
t¼ 1

ω

�
≃sinðnπÞ

nπ
·
λ0ðωÞ
E0
MSðωÞ

;

λ0ðωÞ¼Γð1−nÞcos
�
n
π
2

�
ð33Þ

where Γ = gamma function; and n = derivative of logðEsðωÞÞ with
respect to logω, which can be explicitly computed

Fig. 2. (a) Phase angles obtained from HS dynamic modulus; and (b) Cole-Cole diagram obtained from HS dynamic modulus.

Fig. 3. (a) Approximation by SEFs of storage moduli computed from the HS dynamic modulus; and (b) approximation by SEFs of storage com-
pliances computed from the HS dynamic modulus.
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d logðE 0
MSðωÞÞ

d logω
≃ − αγev

ð1þ λ · evÞ1þ1=λ

− φMS
E · tanφMS

E ·
γ

ln 10
·
λðev − 1Þ
1þ λev

ð34Þ

Owing to the lack of exact formulas for LVE properties corre-
sponding to the MS master curve of DM, the analytical approximate
values will be used as reference values to verify the reasonability of
the results computed with the proposed method.

The computed results are summarized as follows. First, the PAs
corresponding to the frequency of interest in the range ½10−10; 1010�
were computed using Eq. (13). The range of the dummy variable
was chosen u ∈ ½10−25; 1025�, which was divided into 50,000 sub-
intervals in the base 10 logarithmic scale. The computed and the
analytical approximate PAs calculated from Eq. (31) are plotted
in Fig. 5(b). It was found that the difference between these values
was rather small (lower than 0.7°). However, the relative difference
is important, which may exceed 2 × 10−1 at frequencies lower than
5 × 10−8 rad/s. At this stage, we cannot conclude whether the com-
puted or the analytical approximate PA is more accurate because
the exact values of the PAs do not exist. Thus, the LVE properties
were calculated based on both the proposed method and the ana-
lytical approximation.

The storage modulus and compliance were computed then ap-
proximated by the SEFs. The number of exponential functions used

was 97 for the storage modulus and 74 for the storage compliance,
which allowed an extremely small relative error of lower than 8 ×
10−8 at all estimating points. The RM and CC were then obtained
by using the closed-form formulas in Eq. (21) and are presented in
Fig. 6. The analytical approximate results are also presented in the
figure to verify the agreement between the results obtained with the
two different approaches. It was found that the relative difference
between the results was rather small, lower than 2.7 × 10−2 at all
estimating frequencies. Thus, the proposed algorithm allows deter-
mining reasonable values of LVE properties based only on the
master curve of the DM. Furthermore, the computed RM and CC
were also decomposed with high accuracy into SEFs for better
computational efficiency in FEM analysis in the time domain
(Fig. 6). The error of the approximation by SEFs was very small
even only positive coefficients were used, namely the relative error
was lower than 3.8 × 10−5 at all estimating frequencies.

In addition, the obtained RM in the form of the SEFs was used
to backward compute the DM. Because the exact value of the DM
is known a priori, the accuracy of the proposed method can be veri-
fied. Because a couple of the coefficients and decay rates of the
exponential functions of the RM are equivalent to the stiffness
and relaxation times of one branch in the GM model, the DM
can be easily interconverted from the RM. Fig. 7 plots the dynamic
moduli interconverted from the master curves of the RM against the
input dynamic moduli to verify the equality. All dynamic moduli

Fig. 4. (a) Computed relaxation moduli from HS dynamic modulus and their approximations by SEFs; and (b) computed CCs from HS dynamic
modulus and their approximations by SEFs.

Fig. 5. (a) MS master curve of DM data (data from Liu and Luo 2017); and (b) master curve of computed PAs from the MS master curve of DM.
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backward calculated from the relaxation moduli computed with the
proposed method fell on the equality line, whereas those intercon-
verted from the analytical approximate relaxation moduli slightly
deviated from the equality line. The relative errors between the
backward calculated and the input dynamic moduli were lower than
3.4 × 10−4 when the numerical relaxation moduli were used, and
lower than 2.7 × 10−2 when the analytical approximate relaxation
moduli were used. Thus, the proposed formulation achieved a
much better level of accuracy than the analytical approximate for-
mulation. The relative error arising in the proposed algorithm is so
small that it can be considered neglected and covered by the error of
the process of fitting experimental data by LVE models.

Conclusions

A novel method for determining with high accuracy the RM and CC
of asphaltic materials in the form of SEFs based only on the master
curves of DM has been successfully developed. In the formulation,
the PAwas numerically calculated from the DM master curve on the
basis of the exact Kramers-Kronig relationships. Owing to the spe-
cial form of the SEFs used for approximating with high accuracy the
storage modulus and compliance, the inverse Fourier transform was
analytically performed to derive the closed-form formulas of the RM
and CC. Thus, the proposed formulation can be considered to fully

obey the LVE theory and physical causality principle, giving rise to
an excellent level of accuracy of the obtained results. The main find-
ings of this work can be drawn as follows:
• The relative error of the PAs calculated was very small despite a

rather coarse frequency step that was used, namely lower than
1.75 × 10−4 at all computing points.

• The maximal relative error of the approximation by SEFs using
the modified Dombi algorithm was extremely small, namely
lower than 8 × 10−8 when using both negative and positive
coefficients, which can be considered neglected.

• The inverse Fourier transform was exactly performed to calcu-
late the RM and CC thanks to the special form of the SEFs.

• The computed RM and CC were also approximated with high
accuracy by SEFs using the modified Dombi algorithm. The
maximal relative error was lower than 3.8 × 10−5 when using
only positive coefficients.
The level of the overall accuracy of all computed LVE properties

was dominated by that of the PA. Therefore, more accurate results
can be obtained by just improving the accuracy of the numerical
integration in the PA calculation step. Although the proposed algo-
rithm for determining the RM and CC in the forms of SEFs requires
more calculation steps, the obtained results are much more accu-
rate, which will contribute to better analysis and design of asphaltic
pavement, and therefore a longer service life. The application of the
method for DM master curves of asphalt binder can be carried out
in a similar manner yet was not presented due to the page length
limitation.

Appendix I. Proof of Eq. (21)

By substituting Eq. (20) into Eq. (18), one has

EðtÞ ¼ 2E�ðω → ∞Þ
π

Z þ∞
0

sinðω · tÞ
ω

dω

− 2

π

Z þ∞
0

Xm
j¼1

E 0
je

bjω
sinðω · tÞ

ω
dω ð35Þ

where the first integral in the second member is equal to
E�ðω → ∞Þ. The remaining integral in Eq. (35) can be calculated
as follows:

Fig. 6. (a) Relaxation moduli computed from the MS master curve of DM and their approximations by SEFs; and (b) creep compliances computed
from the MS master curve of DM and their approximations by SEFs.

Fig. 7. Check of equality between the input dynamic moduli and those
interconverted from the relaxation modulus computed.
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2

π

Z þ∞
0

Xm
j¼1

E 0
je

bjω
sinðω · tÞ

ω
dω

¼ 2

π

Xm
j¼1

E 0
j ·

Z þ∞
0

Lfu½s − ð−bjÞ�gðωÞ · sinðω · tÞdω

¼ 2

π

Xm
j¼1

E 0
j ·

Z þ∞
0

u½ω − ð−bjÞ� · Lfsinðs · tÞgðωÞdω

¼ 2

π

Xm
j¼1

E 0
j ·

Z þ∞
0

t
ω2 þ t2

dω ð36Þ

where L = Laplace transform; uðs − aÞ = delay function such that
uðs − aÞ ¼ 0 if s < a; uðs − aÞ ¼ 1 if s ≥ a. Performing change of
variable v ¼ ω=t gives rise to

2

π

Xm
j¼1

E 0
j ·

Z þ∞
−bj

dω=t
ðω=tÞ2 þ 1

¼ 2

π

Xm
j¼1

E 0
j ·

�
π
2
− tan−1

�−bj
t

��

ð37Þ
In addition, tan−1ð−bj=tÞ þ tan−1ð−t=bjÞ ¼ π=2. Thus,

Eq. (21) is obtained.

Appendix II. Modified Dombi Algorithm

Let fðtÞ be a decaying function in the time range of interest ½0; tn�,
which is divided by n equidistant time steps ½0; tn� ¼∪n−1

i¼0 ½ti; tiþ1�,
Δt ¼ tiþ1 − ti. The approximated value of fðtÞ at time ti is

f̄ðtiÞ ¼
Xm
j¼1

ajebjðiΔtÞ ¼
Xm
j¼1

ajðebjΔtÞi ð38Þ

Let qj ¼ ebjΔt, j ¼ 1; : : :m. It can be demonstrated that if
q1; q2; : : : ; qm are the root of the m-order polynomial (2m ≤ n)

qm þ s1qm−1 þ s2qm−2þ · · · þsm ¼ 0 ð39Þ
then the coefficients of the m-order polynomial are the root of the
following equations (Dombi 2005):

f̄1sm þ f̄2sm−1þ · · · þf̄ms1 þ f̄mþ1 ¼ 0 · · ·

f̄msm þ f̄mþ1sm−1þ · · · þf̄2m−1s1 þ f̄2m ¼ 0 · · ·

f̄n−msm þ f̄n−mþ1sm−1þ · · · þf̄n−1s1 þ f̄n ¼ 0 ð40Þ

The decay rates of the exponential functions can be simply cal-
culated by

bj ¼ lnðqjÞ=Δt ð41Þ

Once the decay rates have been determined, the coefficients of
the exponential functions can be optimized using linear least-square
techniques to best fit the input data.

Because the original method of Dombi (2005) works only with a
constant time step, the method cannot be directly applied to LVE
functions, which must be evaluated over several decades. There-
fore, Nguyen et al. (2022) have proposed a modified version of
the original Dombi algorithm. The time range was divided into sev-
eral smaller intervals of time and the appropriate decay rates in each
single time interval were determined. The appropriate decay rates
of the input function over the entire time range of interest are just
the combination of all obtained suitable decay rates.

Another remark is that the algorithm works only with decaying
functions. Therefore, the following pretreatments to the input

function should be done before performing the decomposition al-
gorithm to ensure numerical convergence:

E 0ðωÞ ¼ E�ðω → ∞Þ − E 0ðωÞ;
D 0ðtÞ ¼ D 0ðωÞ −D�ðω → ∞Þ ð42Þ

EðtÞ ¼ EðtÞ − E�ðt → 0Þ;
DðtÞ ¼ D�ðt → ∞Þ −DðtÞ ð43Þ

The obtained approximations by sums of exponential functions
are therefore

E 0ðωÞ ¼ E�ðω → ∞Þ −XNj

j¼1

E 0
je

bjω;

D 0ðtÞ ¼
XNj

j¼1

D 0
je

cjω −D�ðω → ∞Þ ð44Þ

EðtÞ ¼ Eðt → 0Þ þ
XN 0

j

j¼1

Eje
b 0
jt;

DðtÞ ¼ Dðt → ∞Þ −XN 0
j

j¼1

Dje
c 0
jt ð45Þ

Data Availability Statement

All data, models, and code generated or used during the study
appear in the published article.
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ABSTRACT
The measured strain during a creep-recovery (CR) test comprises both
reversible and irreversible strains; therefore, adequate treatment is required
to accurately separate them. In this paper, a generalised version of the CR
test was proposed to investigate the permanent deformation behaviour
of asphalt mixtures exerted by a variety of loading patterns in the time
domain. The companion back-calculation algorithm was also proposed
to separate with improved accuracy and repeatability the pure viscoelas-
tic (VE) and viscoplastic (VP) strains. First, the creep compliance (CC) was
back-calculated based only on the recovery data by using an approximate
analytical creep compliance function of theHuet-Sayeghmodel as the solu-
tion function in the optimisation process. Then, the pure VE and VP strains
were determined. The results show that the proposed method attains a
good level of reliability although relatively short durations of the recovery
period have been used.
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1. Introduction

Since asphalt mixtures have viscous properties, the total recovery of the resilient strain takes a long
time to finish. As a result, current rutting characterisation procedures such as the Hamburg Wheel
Tracking (HWT) test (AASHTO T324, 2004; EN 12697-22, 2007) have difficulties in determining accu-
rately the net value of the permanent strain, or the viscoplastic (VP) strain. The deformationmeasured
after each load cycle comprises not only the irreversible deformation but also a part of the viscoelastic
(VE) deformation that has not yet recovered. Moreover, the stress and strain fields in the HWT test are
not homogeneous; therefore, the HWT test is often considered an empirical one and is primarily used
to control the mix design (Setra-LCPC, 1994). In a recent attempt, Nguyen (2017) reported that the
use of HWT test data to predict the rutting distress of flexible pavement resulted in an overestimation,
especially in high-speed traffic areas. This may be due to the fact that the model parameters were not
correctly determined because of the permanent deformation (PD) being measured inaccurately.

In contrast, creep/creep-recovery tests are homogeneous tests and can be performed in both static
and cyclic loading; thus, the test results can be easily used to determine the prediction model param-
eters. The application of the creep test on asphalt mixtures is not recent and can be dated back to the
pioneer work of Van der Loo (1978). It was recommended that the results of creep tests were used
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for ranking the rutting potential of asphalt mixtures rather than for predicting the onsite PD of pave-
ments (On Tam et al., 2000). In fact, the measured deformation during a creep test does comprise the
viscoelastic strain because no recovery phase is allowed. In order to overcome this drawback, Sun and
Zhu (2013) performed dynamic modulus (DM) tests to characterise the VE properties of the material
before conducting creep tests. As a result, the VE creep strain can be predicted and therefore the VP
strain evolving during the test can be determined. Such a two-stage process has some disadvantages
regarding inter-sample variations and experiment time. In fact, themaster curve of the complexmod-
ulusmust be constructedover awide rangeof temperature and frequency so as to accurately compute
the master curve of the creep compliance (CC), while only a short portion of the CC master curve at a
single temperature is needed.

Meanwhile, a creep-recovery (CR) test consists of two phases: a loading one followed by a rest-
ing one, which allows separating the reversible and irreversible strains from the total strain measured
(Drescher et al., 1993). Many testing procedures and calculation algorithms have been proposed to
determine the VP properties and/or VE properties based on CR test data (Daoudi et al., 2020; Liu & You,
2009; Nguyen et al., 2021). The accuracy of the separated permanent strain depends on the calculation
algorithm proposed and the duration of the resting period used.

On Tam et al. (2000) performed a 60-minute loading period followed by a 10-minute resting period
and considered the deformation at the end of the test as the PD. As will be demonstrated later, such
a short resting time could not allow a full recovery of the VE strain, which certainly results in a lack
of accuracy achieved. In a later work, Levenberg (2006) used the data in the recovery phase to deter-
mine the VE response with the aid of an undisclosed nonlinear optimisation algorithm, after which
the permanent strain could be calculated based on the data in the loading phase. Later, Abu Al-Rub
et al. (2009) continued to mine the data in the recovery phase to characterise the VE properties of the
material before calculating the VP strain. In addition, the simplified nonlinear VE theory of Schapery
(1969) was also integrated into the formulation to consider the effects of high-stress levels. The Prony
series of the CC function was chosen as the solution function to the problem, in which the values of
the retardation times were chosen a priori so as to turn the nonlinear least-square optimisation prob-
lem into an easier linear one. Themethodwas then widely adopted bymany researchers, e.g. Bai et al.
(2014), and Chen et al. (2017).

However, the direct fitting of experimental data by Prony series-based functions without pre-
smooth treatment usually causes artificial waviness to the predicted results and thus a loss of accuracy,
which will be illustrated in the subsequent Sections. In an attempt to overcome this shortcoming,
Darabi et al. (2019) proposed a two-stage algorithm,which combines the advantages of the twometh-
ods of Sun and Zhu (2013) and Abu Al-Rub et al. (2009). First, the VE properties of the material were
characterisedusing theDMtest, afterwhich theProny series associatedwith the creep compliancewas
determined. Subsequently, a series of creep-recovery test data were used to identify the nonlinear VE
parameters before determining the VP strain. The method was able to avoid spurious oscillations of
the creep compliances determined but still had the same disadvantages as the method of Sun and
Zhu (2013).

All the methods mentioned above used the single-stress level creep-recovery (SSCR) test to char-
acterise the pure VP behaviour of mixtures except (Bai et al., 2014) wherein a multi-stress level
creep-recovery (MSCR) test was used instead. However, in that study, the behaviour of the material
in each CR cycle was assumed equivalent to that occurring in an SSCR test; the influence of past creep-
recovery cycles on the actual one was not considered yet. Therefore, the objective of this work is to
propose a generalised version of the SSCR test and a companion back-calculation algorithm to deter-
mine the pure VP strain of asphalt mixtures undergoing any complex loading history. The sought
formulation must involve only the results of the generalised creep-recovery (GCR) test at a single
testing temperature and overcome all the above-mentioned shortcomings. In addition, the results
obtained with the proposed method should achieve a good level of accuracy and repeatability.

We shall restrict ourselves to the small VE strain assumption for the Boltzmann superposition prin-
ciple to be applicable. As a result, the back-calculated CCs, an intermediate result, can be compared
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with the true values to them calculated by interconverting the data of the DM test – a standardised
and widely accepted test procedure.

2. Materials andmethods

2.1. Materials and samples preparation

This study re-examined the behaviour of the highlymodified asphaltmixture studied in (Nguyen et al.,
2021). The mixture was intentionally designed to possess a significant resistance to rutting for being
used in heavy-duty pavements. It is a mixture of well-graded aggregate of 12.5mm of nominal max-
imum aggregate size and a highly modified bitumen of performance grade PG 94. The aggregate
gradation curve and the fundamental properties of the mixture have been reported in (Nguyen et al.,
2021) and are not presented here.

In order to prepare the samples for VE and VP characterisation, the mixtures were first compacted
by a roller sector compactor to obtain a plate with dimensions of 0.32× 0.26× 0.08m3. The plate was
then sawed along its width to obtain three prismatic samples of dimensions 0.07× 0.07× 0.15 m3, as
shown in Figure 1. The sample coded #1 was dedicated to the determination of complex moduli and
CCs at intermediate and high temperatures, which were already carried out and reported in (Nguyen
et al., 2021). The remaining two samples (coded as #2 and #3) were dedicated to the characterisation
of PD carried out in this study.

It was shown in (Nguyen et al., 2021) that themixture fully obeyed the time-temperature superposi-
tion principle (TTSP), and its complexmodulus could bewell predicted by theHuet-Sayegh (HS)model
(Olard & Di Benedetto, 2003; Sayegh, 1965). The HS parameters of the mixture are reported in Table 1,
and the shift factors can be predicted by a function of temperature T (°C): aT = exp(a.T2 + b.T + c)
with a = 0.0012, b = −0.3539, and c = 6.6854.

2.2. Test set-up

The examined specimen was placed between the upper and lower load platens, based on which a
controlled compressive force was applied to the specimen (see Figure 2). It should be noted that the
lower loadplatenwas thedrivingonewhile theupper loadplatenwas the fixedone. Twodisplacement
transducers were installed along the height of the specimen to measure the relative displacement

Figure 1. Samples preparation for the CR test studied in Nguyen et al. (2021) and for the GCR tests performed in the present
research.

Table 1. HS parameters of themodifiedmixture determined in Nguyen et al. (2021).

E0 (MPa) E∞ (MPa) k h δ τ (s) Tref (°C)

139 45,000 0.250 0.500 4.938 16.302 20
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Figure 2. Test set-up for the GCR test: (1) Upper load platen, (2) Lower load platen, (3) Displacement transducer, (4) Control
temperature sensor, (5) Thermal chamber, (6) Control and Data Acquisition System.

between the fixing points initially distanced by 85mm. The specimen andmeasuring devices were all
placed in a thermal chamber to maintain a constant temperature during the test.

2.3. Generalised creep-recovery test procedure and back-calculationmethod

Let us assume that the sample is under zero-strain and zero-stress conditions at the beginning of the
test, i.e. σ(t) = 0 and ε(t) = 0 for t ≤ t0. The sample is then applied by a stress history in the form of a
step function such that σ(t) = σi for ti−1 < t ≤ ti, with ti = t0 + ∑i

j=1 tL,j , i ∈ {1, ..n}, and σ(t) = 0 for
t > tn as shown in Figure 3(a). For simplicity, we shall hereafter denote the time interval from t0 to tn
as the loading period and the time interval from tn to tn + tuL as the recovery period. By far, the number
of applied loading steps n and the prescribed stress level is allowed to be freely chosen parameters.

Figure 3. Description of the GCR test, (a) applied stress history, (b) response strain.
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The general form of the response strain under such a stress history is sketched in Figure 3(b). For
asphalt mixtures, VP strain develops even at a low temperature and stress level (Nguyen et al., 2021);
therefore, the measured strain is the summation of VE and VP strains:

εT (t) = εve(t) + εvp(t) (1)

where εT , εve and εvp respectively denote the total, VE, and VP strain.
It should be noted that damagemay occur under tensile stress or very high compressive stress con-

ditions. Thus, in order to study the net PDbehaviour of asphaltmixtures, the applied stress in this work
was in compression and its value was limited to be small enough so that damage can be neglected.

Let us define the increment of the stress input at a time ti as �σi = σi+1 − σi with i ∈ {0, ..n − 1}
and assume that the VE strain is small enough so that the Boltzmann superposition principle can be
applied. The formula for calculating the VE strain can be expressed as:

εve(t) =
m, tm<t≤tm+1∑

i=0

D(t − ti)�σi, for t0 < t ≤ tn (2)

εve(t) =
n−1∑
i=0

D(t − ti)�σi − D(t − tn).σn, for t > tn (3)

In Equations (2) and (3), the VE strain is not right continuous but still left continuous at ti, i ∈ {0, ..n}
due to the specified form of the input stress history, which can be expressed as:

εve(t
−
i ) = εve(ti); εve(t

+
i ) �= εve(ti) for i ∈ { 0,..n} (4)

It should be noted that the applied stress in current rutting characterisation procedures, e.g. HWT
test (AASHTO T324, 2004; EN 12697-22, 2007), may exceed the linear viscoelastic (LVE) domain lim-
itation. As a result, the Boltzmann superposition principle cannot be applied. In this case, nonlinear
VE theories such as the one proposed by Schapery (1969) must be used to formulate the stress-VE
strain relationship. However, we still limit ourselves to the LVE domain in this study so as to simplify
the problem. The extension of the method to deal with nonlinear viscoelasticity will be considered in
future works.

Since the stress in the resting period is equal to zero, one can assume that the VP strain does not
evolve during this period. This means that εvp does not change from time tn onwards:

εvp(t) = εvp(tn), for t ≥ tn, noted εvp (5)

As a result, the VP strain is continuous at tn – namely,

εvp(t
−
n ) = εvp(t

+
n ) = εvp (6)

The total strain we measure from the end of the loading period to the end of the recovery period
is:

εT (t) = εve(t) + εvp, for t ≥ tn (7)

from which the measured strain at time tn can be expressed by:

εT (tn) = εve(tn) + εvp (8)

Subtracting respectively two members of Equation (8) by those of Equation (7) gives rise to:

εT (tn) − εT (t) = εve(tn) − εve(t), for t ≥ tn (9)

It can be seen in Equation (9) that the VP strain has been eliminated and just the VE and the mea-
sured strains remain in the equation. Substituting Equations (2) and (3) into Equation (9) results in an
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equation comprising only the CC function, the prescribed stress, and the measured strain:

εT (tn) − εT (t)

σn
=

n−1∑
i=0

D(tn − ti)
�σi

σn
−

n−1∑
i=0

D(t − ti)
�σi

σn
+ D(t − tn), for t > tn (10)

Both sides of Equation (10) have the dimension of compliance andwill hereafter be called ‘recovery
compliance’. It is worth mentioning that the value of the left-hand side of Equation (10) can be easily
computed from the GCR test data while the stress levels and the number of loading intervals are user-
defined parameters. Thus, the unknown of Equation (10) is just the CC function D(t). The functional
equation (10) can be solved using optimisation techniques provided that the form of the CC function
is known a priori.

Once the functional Equation (10) has been resolved, the CC compliance function is known and the
VE strain at any time can be computed using Equation (2) or Equation (3). Consequently, the pure VP
strain at time t can be calculated by subtracting the total strain by the VE strain:

εvp(t) = εT (t) − εve(t) (11)

Nguyen et al. (2021) demonstrated that the three-parameter power creep function and the ana-
lytical approximate CC (AACC) function derived from HS and 2S2P1D model could be used for the
resolution of Equation (10). However, the solution obtained with the three-parameter power creep
function did not match very well with the real behaviour of asphalt mixtures at high temperatures
due to the fact that too few parameters were used in the formula. On the contrary, owing to the excel-
lence in fitting LVE behaviour of asphaltmixtures of HS and 2S2P1Dmodel, the AACC function allowed
obtaining good solutions even at high temperatures. Therefore, only the AACC function derived from
HS or its generalised version, 2S2P1D model, was considered in this study. The complex modulus
formulas of HS and 2S2P1Dmodels are given in (Di Benedetto et al., 2004; Olard &Di Benedetto, 2003):

EHS
∗(ω) = E0 + E∞ − E0

1 + δ(iωτ(T))−k + (iωτ(T))−h
(12)

E∗
2S2P1D(ω) = E0 + E0 − E∞

1 + δ(iωτ(T))−k + (iωτ(T))−h + (iωβτ(T))−1
(13)

where ω (rad/s) is the angular frequency, δ, 0 < k < h < 1 are model parameters and E0, E∞ are the
value of E∗(ω) when ωτ → 0 and ωτ → ∞ respectively, and β is also a material parameter. The CC
function can be analytically approximated by using the method of Schapery and Park (1999):

D

(
t = 1

ω

)
= sin(nπ)

nπ
.
λ′(ω)

E′(ω)
; λ′(ω) = �(1 − n) cos(n

π

2
) (14)

where E′(ω) is the storagemodulus,� is Gamma function, and n is the slope of the curve log E′(ω) ver-
sus logω which can be explicitly computed as presented in (Nguyen et al., 2022). Since only a portion
of the AACC function is needed to reproduce the CC at a single testing temperature, a parameter ξ

was used to extract the suitable portion of the AACC function:

D

(
t

ξ

)
= sin(nπ)

nπ
.
λ′(ω.ξ)

E′(ω.ξ)
; λ′(ω.ξ) = �(1 − n) cos(n

π

2
) (15)

The function D(t/ξ) in Equation (15) was used in the fitting process, in which all parameters including
the parameter ξ are arbitrary initial values chosen such that the curve-fitting algorithm can con-
verge to a local optimum. In this work, the HS parameters and the shift factor at 50°C obtained
from DM tests in the previous study (Nguyen et al., 2021) were used as the initial point for the
optimisation process. It is worth noting that the initial values do not affect the optimum solu-
tion yet improve the convergence to the right local optimum solution. The proposed formulation
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for determining the pure permanent deformation that evolves during a GCR test is summarised in
Algorithm 1 to facilitate the reading of this paper and to highlight the novelties of the present
approach.

Algorithm 1. Algorithm for determining the pure VP strain based on the GCR test data

Input data: Time histories of stress, measured strain, number of the loading period n
- Calculate the experimental recovery compliance using Equation (10)
- Calculate the discrete stress increment�σi , i ∈ {0, n − 1}

Step 1. Back-calculating the CC:
- Choose a set of initial values for the AACC function
- Use curve fitting techniques to best fit Equation (10). The AACC function with the best-fit parameters is the solution to

Equation (10) using the least square means.
Step 2. Predicting the pure VE strain:

Calculate the VE strain using the best-fit parameters of the AACC function determined in Step 1:

εve(t) =
m, tm<t≤tm+1∑

i=0

D(t − ti)�σi , for t0 < t ≤ tn

εve(t) =
n−1∑
i=0

D(t − ti)�σi − D(t − tn).σn , for t > tn

Step 3. Computing the pure VP strain:
Calculate the difference between the measured strain and the predicted VE strain:
εvp(t) = εT (t) − εve(t)

3. Experimental results

This Section presents the results obtainedwith variousGCR tests, whichwere performedwith different
chosen parameters such as the number of loading intervals and the stress levels so as to demonstrate
the efficiency of the proposed method in characterising simultaneously the VE and VP strain at a high
temperature chosen equal to 50°C. The applied stress was carefully taken such that there still was a
linear relationship between the stress and the VE strain. It should be noted that it is more difficult to
keep the loading in the LVEdomain in a creepor CR test than in aDM test becauseof the longer loading
time. This may be the reason why there is not much research on the linearity of the VE behaviour of
asphalt mixtures in creep or CR tests. For instance, Kim et al. (2008) proposed to limit the total strain
duringcreep tests at 10°C tobe lower than450µm/mwhileNguyenet al. (2021) chosea smaller limit of
the creep strain (150µm/m) so as to investigate the LVEbehaviour of asphaltmixtures at intermediate
andhigh temperatures. Upon checking the linearity of the stress-VE strain relationship, the stress levels
were chosen lower than 35.71 kPa or such that the resultant VE strain was lower than 170µm/m.

Three test derivatives were performed including a single-stress level creep-recovery (SSCR) test, an
increasingmulti-stress level creep-recovery (MSCR) test, andadecreasingone. The reason for choosing
50°C is that the time for the total recovery of the sample after releasing all the applied stresses is not
too long so that the test can finish within a working day and that the properties of the sample do not
change much due to the cumulative permanent strain.

The SSCR test was performed on sample #2 with four different durations of the loading period
to verify the accuracy and repeatability of the obtained results. In order to verify the linearity of the
stress-VE strain relationship, the effect of the stress level on the VE behaviour of the mixture was
also examined. Meanwhile, sample #3 was dedicated to the increasing and decreasing MSCR tests,
which were designed to analyse the pure PD of themixture when exerted bymore complicated stress
histories.

It should bementioned that the sample was left to recover its resilient deformation for at least 20 h
and was conditioned in the thermal chamber for 4 h to maintain a homogenous temperature field
before starting the new test procedure. Moreover, all samples had been subjected to three SSCR tests
with a 600-s loading period before the official tests were performed to eliminate as much as possible
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the densification caused by post-compaction. All the results were obtained based on the proposed
algorithm with the aid of MATLAB R2015 software.

3.1. Single-stress level creep-recovery test (SSCR)

The results reported here were obtained with only one loading interval. Four successive replicates
of the SSCR test were performed with the same compressive stress level of 35.71 kPa and different
durations of the loading period (loading times): 75, 150, 300, and 600 s. After the loading time had
been reached, the sample was unloaded and left to completely recover the reversible strain so as to
measure the ‘true permanent strain’ developed in the sample. As a result, the resting time varied from
one test to another. In order for the back-calculated results to be comparable to each other, the resting
timeof all tests shouldbe the same in a relativemanner. Therefore, only thedata acquiredover aperiod
equal to 11 times the loading time (i.e. the resting time is 10 times the loading time)wereused for back-
calculation. As will be presented in the following paragraphs, such a resting time is far large enough
to obtain accurate results.

Figure 4(a) shows the good fitting of the recovery compliancesmeasured by the function described
in Equation (10) in case tL = 300s.With thebest-fit parameters, the correspondingCCswere computed
and are shown in Figure 4(b). It can be observed that the CCs back-calculated from the data obtained
with sample #2 are in full accord with those interconverted from the complex modulus data already
determined with sample #1 in Nguyen et al. (2021) even at the high temperature. In fact, the relative
differences between these CC curves are lower than 5.36%. Conversely, the CCs computed from creep
test data (i.e. the ratio of themeasured strain to the applied stress) aremuch higher than the CCs as can
be seen in Figure 4(b), which demonstrates the existence of irreversible strain as discussed in Nguyen
et al. (2021).

Once the CC of the mixture at the testing temperature had been determined, the VE strain caused
by the input stress history was calculated and is shown in Figure 5(a). It is obvious that the VE strain is
smaller than themeasured strain, and the difference between these strains is just the VP strain shown
in Figure 5(b). The VP strain steadily increased to reach its highest value at 85.5 µm/m at the end of
the loading period and almost remained unchanged in the recovery period as expected. Themaximal
value of the measured strain was 226.13µm/m; therefore, the maximal VE and VP strains respectively
account for 62.19 and 37.81% of the maximal total strain.

Figures 6(a,b) respectively display the CCs obtained with the present algorithm and the one
proposed in Abu Al-Rub et al. (2009). It was shown that the relative differences between the CCs
back-calculated with the present algorithm and the CCs interconverted from complex modulus data
were lower than 7.47%, and the relative differences between any curve of the back-calculated CCs and

Figure 4. Results of the SSCR test at 50°C and tL = 300 s, (a) Fitting results of the recovery compliance, (b) Back-calculated CC.

hp
Highlight
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Figure 5. Results of the SSCR test at 50°C and tL = 300 s, (a) Predicted VE and measured strain, (b) Computed VP strain with time.

Figure 6. Back-calculated CCs from all test replicates at 50°C, (a) using the AACC function, (b) using the CC function in the form of
a Prony series.

the average curve were lower than 6.68%. This again verifies the good level of reliability of the back-
calculated CCs found in (Nguyen et al., 2021). In contrast, the algorithm of Abu Al-Rub et al. (2009) led
to a lack of accuracy and repeatability of the obtained CCs, especially at small loading times (< 10s).
In fact, the overall relative errors (calculated with Equation (16) wherein Di and Dtrue,i is the obtained
CC and that interconverted from DM data at time ti) of the CCs reached 68%, while the relative dis-
crepancy (calculated with Equation (17) wherein D̄i is the average value of the obtained CCs at time ti)
between the computed CCs exceeded 59.9%, which is far higher than those obtainedwith the present
algorithm. As a result, Abu Al-Rub et al. (2009)’s algorithm gave less accurate values of VP strains than
the present algorithm.

RE =
[∑

i

(1/Di − 1/Dtrue,i)
2/

∑
i

(1/Dtrue,i)
2

] 1
2

(16)

RD =
[∑

i

(1/Di − 1/D̄i)
2
/
∑
i

(1/D̄i)
2

] 1
2

(17)

Figures 7(a,b) show the VP strains obtained with both the algorithms proposed in this study and in
(Abu Al-Rub et al., 2009). For comparison purposes, the exact values are also plotted in the figure. It
could be demonstrated that the relative errors and the standard deviations of the VP strains obtained
with the present algorithm were small, lower than 3.49% and 2.84 μm/m respectively (see Tables 2
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Figure 7. Pure VP strains obtained from all SSCR test replicates at 50°C, (a) using the AACC function, (b) using the CC function in
the form of a Prony series.

Table 2. Assessment of the accuracy of the computed VP strains.

VP strain at time tn

Loading time (s) calculated (µm/m) measured (µm/m) Error (%)

Present algorithm
75 51.94 53.82 3.49
150 70.15 70.49 0.48
300 85.72 84.29 1.69
600 119.82 119.49 0.28

Algorithm proposed in Abu Al-Rub et al. (2009)
75 55.73 53.82 3.55
150 68.60 70.49 2.68
300 86.16 84.29 2.22
600 119.87 119.49 0.32

Table 3. Assessment of the repeatability of the computed VP strains.

Computed VP strain (µm/m)
Test replicate number

At time (s) #1 #2 #3 #4 Mean SD

Present algorithm
10 31.85 33.37 37.33 28.48 32.76 2.84
75 51.94 55.79 57.03 54.43 54.80 1.69
150 – 70.15 70.22 70.32 70.23 0.06
300 – – 85.72 91.12 88.42 2.20
600 – – – 119.82 – –

Algorithm proposed in Abu Al-Rub et al. (2009)
10 30.70 43.11 38.26 33.73 36.45 4.20
75 55.73 57.36 59.91 54.00 56.75 1.95
150 – 68.60 70.89 74.13 71.21 1.97
300 – – 86.16 91.98 89.07 2.38
600 – – – 119.87 – –

and 3). When the algorithm of Abu Al-Rub et al. (2009) was used, the maximal relative errors and
the standard deviations were respectively 3.55% and 4.20 µm/m. Therefore, the proposed algorithm
achievedagood level of reliability andperformedbetter than the algorithm in (AbuAl-Rubet al., 2009).
In subsequent paragraphs, only the results obtained with the present formulation will be shown for
the sake of brevity.
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3.1.1. Effect of resting time on the accuracy of VP strain
The effect of resting time on the accuracy of the obtained results was investigated to assess the effi-
ciency of the proposed algorithm in terms of the testing time needed to accurately determine the
pure VP strain. First, the data of SSCR tests in the unloading period were carefully eliminated to create
the data set of SSCR tests with various unloading times ranging from 1 to 10 times the loading time, as
illustrated in Figure 8. Then, the VP strainswere back-calculated based on the set of the truncated data.
Additionally, the ‘directly measured values’ of the VP strain at the end of the loading period were also
determined by measuring the strain at the end of the unloading period. Consequently, the relative
errors of the computed and measured VP strains at time t = tL could be calculated.

It can be observed in Figure 9 that the error of the back-calculated VP strains drastically decreased
with resting time increasing up to roughly 5 times the loading time. For an unloading time greater
than that value, not much extra accuracy was gained for the back-calculated VP strain. Conversely,
the error of the direct measurement was still in a steady decline even though the unloading time had
reached 10 times the loading time. Therefore, an unloading time equal to 5 times the loading time
is sufficient for the back-calculation to achieve a good level of accuracy. In fact, all the VP strains that
were determined based on the SSCR test data obtained at 50°C andwith tuL = 5tn differ < 1.44% from
the true values except for the test with tL = 75s. In a test with such a short loading time, the input
stress and the response strain may fluctuate considerably due to inertial effects caused by a sudden
application or removal of the stress, resulting in lower accuracy of the back-calculated results. Despite
that, an accuracy level of less than 4.03% was also attained.

In comparison with the direct measurement, the proposed algorithm gave better results – namely,
the error of the measured VP strain in the case tuL = tL was higher than 21.6%, whereas the back-
calculated VP strain determined from the data with the same resting time just differed < 5.3% from
the exact value. This can be explained by the fact that the resting time taken was not long enough,

Figure 8. Illustration of constructing the truncated data used for the back-calculation algorithm.

Figure 9. Effect of the resting time on the accuracy of VP strains obtained from all SSCR test replicates at 50°C.
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and therefore the measured strain at the end of the resting time comprised a large amount of VE
strain that has not yet recovered, resulting in a large error of the measured VP strain. According to
the results obtained at 50°C, in order to achieve an accuracy level of approximately 3% for the direct
measurement, the resting time must be as large as 7 times the loading time. Meanwhile, the resting
time needed for the proposed algorithm to achieve the same level of accuracy is much shorter, just
2–3 times the loading time. Thus, the resting time of an SSCR test at 50°C should be chosen 2–5 times
the loading time. Such values of the resting time allowed attaining a good level of accuracy while
maintaining a reasonable testing time.

3.1.2. Check of linearity and effect of stress level on the VP strain
Twomore SSCR testswere performedon sample #2with stress levels equal to one-third and two-thirds
of 35.71 kPa respectively. The predicted VE strains due to all investigating stress levels were computed
and are presented in Figure 10. In order to check the linearity, one-third of the response VE strain
caused by the stress level 35.71kPa and one-half of the response VE strain caused by the stress level
23.81kPa were also computed and are all shown in the figure. It can be observed that all the scaled VE
strains (i.e. by a factor of 1, 1/2, and 1/3) agree well with each other – namely, the relative differences
between any scaled VE strain and the average VE strain are lower than 3.95%. Thus, the relationship
between the stress and the VE strain at 50°C can be considered linear for a stress level of up to 35.71kPa
or a VE strain level of up to 170µm/m. This proves that the results obtainedby the proposed algorithm
are consistent with the assumption made and therefore reliable.

On the occasion of this study, the effect of the stress level on the VP strain evolving in an SSCR test
was also revealed. As can be seen in Figure 11(a), a higher stress level led to a higher permanent strain
in the sample and vice-versa. Moreover, the VP strains were likely to linearly increase with the stress
level ranging from11.90 to 35.71 kPa (see Figure 11(b)). Regarding the proportion of VP strains at 50°C,
they accounted for a large part of the total strain, ranging from 30.09% to 41.54%. This implies that a
mixture with higher stiffness may have a higher resistance to rutting.

3.2. Multi-stress level creep-recovery test (MSCR)

This subsection is devoted to the examination of the PD behaviour of themixture subjected to a series
of five loading stepswithequal durations in ascendingordescendingorder as shown inFigures 12(a,b).
These simulated loading histories represent the effects of a series of vehicles in two scenarios: (i) The
heaviest passing first, followed by the next heaviest ones, and (ii) the lightest one passing first, fol-
lowed by the next lightest ones. The result of this study will respond to the question in which scenario

Figure 10. Check of linearity for VE strains at 50°C.
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Figure 11. Effect of the stress level on the VP strain determined with the proposed method at 50°C.

Figure 12. Loading patterns in (a) the increasing MSCR test and (b) decreasing MSCR test (not drawn to scale).

the material will accumulate more PD, which has not been yet adequately studied. In fact, studies on
resistance to rutting of mastics and binders using increasing MSCR tests are abundant (e.g. Lagos-
Varas et al., 2022; Laukkanen et al., 2015; Zahid et al., 2016), while very little research has been done
with asphalt mixtures undergoing increasing MSCR tests (Bai et al., 2014) or decreasing MSCR tests. In
addition, the proposed test conditions will allow us to verify the efficiency of the GCR test in dealing
with more complicated loading histories.

Since the applied stress was not constant during MSCR tests, the linearity of the stress-VE strain
relationship was ensured by choosing the maximal value of the stress such that the maximal value
of the VE strain was small enough (lower than 170 µm/m). All test replicates were performed on the
same sample (#3) with themaximal stress equal to 5σ0 = 40.82kPa. The total number of test replicates
was 6, of which three test replicates were performed in the increasingmode (coded test #1 to #3), and
three were performed in the decreasingmode (coded test #4 to #6). The two types of tests were alter-
nately performed so as to minimise the effect of the cumulative permanent strain on the behaviour
of the sample, i.e. the order of tests is #1, #4, #2, #5, #3, and #6. The loading period was divided into
5 equidistant steps of 100s, and the duration of the recovery period was not predefined a priori. In
reality, after the loading period had finished, the sample was left to completely recover the reversible
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strain so as to measure the ‘true value’ of the VP strain in the sample. However, only the data of the
recovery period in the first 2500swere retained for the back-calculation algorithm as suggested in the
previous subsection.

3.2.1. Increasingmulti-stress level creep-recovery test
Figure 13(a) presents themeasured strain and the predicted VE strain obtained in the increasingMSCR
test replicate #1. Both themeasured and the VE strain have the same trend of evolution – namely, their
values steadily increased during the loading period and then recovered during the resting period.
The VP strain was found to increase at a nearly constant rate in the loading period yet almost remain
unchanged during the resting period (see Figure 13(b)), as expected. It can be demonstrated that
the VP strain in the first increasing MSCR test replicate can be predicted with a high R2 value by the
piece-wise linear function: ε1vp = 1.81 × 10−7t + 4.09 × 10−6 for t ≤ 500s, and ε1vp = 9.31 × 10−5 for
t > 500s.

The back-calculated CCs were compared to the CCs interconverted from DM data so as to evalu-
ate the reliability of the proposed method (Figure 14(a)). All the obtained CC curves are in relatively
good accordance – namely, the relative difference between any CC curve and the average curve is
less than 7.19%. This certainly leads to good agreement between the predicted VE strains, as can be
seen in Figure 14(b). In terms of accuracy, the average curve of the back-calculated CCs differs approx-
imately 17.04% from the interconverted CCs of sample #1. This rather large difference may stem from
the heterogeneity of themixture that induces the inter-sample variations and therefore is not entirely
a lack of accuracy. However, an inter-sample variation level of < 17.04% is still accepted in pavement
engineering.

Interestingly, the VE strain in test replicate #1 is the highest, followed by that in test replicate #2,
and the VE strain in test replicate #3 is the smallest. Thus, it is obvious that the order of tests has some
influence on the VE properties of the mixture to the extent that the mixture may gain extra stiffness.
This can be explained by the fact that the aggregate in the mixtures gets closer and closer due to the
increase of permanent contraction strain. As a result, the interlockwas enhanced and thus themixture
was hardened. In all test replicates, the VE strain did not exceed 170 µm/m, and thus the linearity of
the stress-VE strain relationship was ensured.

Figure 15 shows the VP strains determined from the data of all increasing MSCR test replicates. All
VP strains demonstrate a nearly linear relationship with the loading time. In fact, the development of
VP strains in test replicates #2 and #3 can also be predicted with high R2 values by the linear functions:
ε2vp = 1.66 × 10−7t + 6.06 × 10−6, ε3vp = 1.52 × 10−7t + 2.40 × 10−6 respectively.

It should be noted that the PD behaviour of the material is initially not the same in all test repli-
cates; therefore, the obtainedVP strains basically cannot be comparedwith each other. However, if the

Figure 13. Results of increasingMSCR test replicate #1 at 50°C, (a) Predicted VE andmeasured strains, (b) Computed VP strain with
time.
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Figure 14. Back-calculation results of all decreasing MSCR test replicates at 50°C, (a) back-calculated CCs, (b) Predicted VE strains.

Figure 15. Evolution of VP strains at 50°C in sample #3 during all increasing MSCR test replicates.

change in the resistance to PD of the material from one test replicate to another one is not too large,
the comparison can be considered meaningful. In fact, the relative difference between any curve of
VP strain and the average curve is lower than 10.91%; thus the obtained VP strains can be considered
repeatable. In addition, the computed VP strains differ less than 4.78% from the ‘true values’. There-
fore, the proposedmethod is able to determine reliable VP strain values evenwith amore complicated
loading history.

As mentioned above, the obtained VP strains were affected by the order of testing, or more pre-
cisely, by the amount of PD gradually accumulated in the sample. Figure 15 clearly shows a reduction
of VP strain with the order of test replicate – namely the VP strain at 500s in test replicate #1 is the
highest (93.82µm/m), followed by that in test replicate #2 (89.15µm/m), and that in test replicate
#3 is the smallest (77.94µm/m). Thus, the accumulation of the contraction irreversible strain not only
increased the stiffness but also reduced the rutting potential of the material.

3.2.2. Decreasingmulti-stress level recovery test
Figures 16(a,b) show the measured strain in test replicate #4 caused by the input stress consisting of
five levels in descending order: 40.82, 32.66, 24.49, 16.33, and 8.16kPa. As displayed in the figure, the
response strain of the sample was rather complicated and may be summarised as follows.

In the first loading interval, the response strain drastically increased as a result of the stress that was
applied at the highest level. After that, the response strain rapidly recovered at the beginning of the
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Figure 16. Results of decreasing MSCR test replicate #1 at 50°C, (a) Predicted VE and measured strains, (b) Zoom on the measured
strain at the peak values.

second loading interval due to the sudden reduction of 8.16 kPa from the current stress level. How-
ever, the recovery of the response strain lasted only in 5–10 s because the increasing rate of VP strain
quickly dominated the decreasing rate. Since that moment, the response strain continuously went
up until the end of the second loading interval. In the third loading interval, the applied stress level
was again reduced by an amount of 8.16 kPa, and therefore the strain once more started to recover
for approximately 60s before resuming the increasing phase. Nevertheless, the overall tendency of
the strain in this loading interval was to recover the reversible strain. Consequently, the measured
strain has three peak values at t = 100, 200, and 300 s, among which the one at 200 s is themaximum
(197.24µm/m). Since the onset of the fourth loadingperiod, themeasured strain has been in a steadily
decreasing phase. The predicted VE strain also has the same trend of evolution as the total strain but to
a lesser extent (see Figure 16(a)). It also had three peak values at t = 100, 200, and 300 s and reached
its maximum at the second peak (153.01 µm/m).

Interestingly, the VP strain showed a steady increase with increasing loading time and almost
remained constant during the resting period even though the measured strain clearly showed a
decreasing phase in the last three loading intervals (see Figure 17). This may be explained by the
fact that the sample was not free of stress during all loading intervals, causing an irreversible strain
rate in the sample andmaking the VP strain to grow. Additionally, compared to the total strain, the VE
strain rose during the first two loading intervals with a lower overall increasing rate, while the VE strain
plungedduring the last three loading intervalswith a higher rate. Hence, the difference between these
two strains certainly results in a quantity that steadily rises with an increase in the loading time.

Like the increasing MSCR test, the overall law of development of the VP strain in the decreasing
MSCR test is likely to be linear in the loading period and almost constant in the resting period, which
can be predicted with a high R2 value by the piece-wise linear functions: ε4vp = 1.20 × 10−7t + 2.41 ×
10−5 for t ≤ 500s and ε4vp = 8.05 × 10−5 for t > 500s. When compared to the increasing MSCR test,
the VP strains in the decreasing MSCR witnessed a much higher jump at the beginning of the test
(approximately 4–5 times larger) and a lower growth rate (approximately 34% lower). This is due to
the fact that the initial stress level was higher, and the value of the stress declined with loading time.

The CCs obtained from all three decreasing MSCR test replicates were back-calculated and are
shown in Figure 18(a). All the CC curves agree relatively well with each other – namely, the relative dif-
ference between any curve of CC and the average curve is lower than 8.18%. As a result, there was also
relatively good agreement between all the predicted VE strains (see Figure 18(b)). In terms of accuracy,
the average curve of the back-calculated CCs differs approximately 10.11% from the interconverted
CCs of sample #1, which is an acceptable value.

Similar to the increasing MSCR test, the order of testing also influences the VE properties of the
mixture. In fact, the VE strain in test replicate #4 is the highest, followed by that in test replicate #5, and
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Figure 17. VP strain in decreasing MSCR test replicate #1 at 50°C.

Figure 18. Back-calculation results of all decreasing MSCR test replicates at 50°C, (a) Back-calculated CCs, (b) Predicted VE strains.

the VE strain in test replicate #6 is the smallest (see Figure 18(b)). As discussed above, the aggregate
was rearranged under the effects of the cumulative permanent contraction strain, and therefore the
mixture hardened. In all decreasing MSCR test replicates, the maximal value of the VE strain did not
exceed 170 µm/m; therefore, a linear stress-VE strain relationship was also ensured.

Figure 19 shows the VP strains determined from the data of all decreasing MSCR test replicates.
The relative difference between any curve of VP strain and the average curve is lower than 4.35%. In
addition, the computedVP strains differ less than 4.41% from the ‘true values’. Therefore, the proposed
method is capable of determining reliable VP strains even with a complicated loading condition like
that in the decreasing MSCR test.

The VP strain at 500s in test replicate #4 is the highest (80.53µm/m), followed by that in test
replicate #5 (75.62µm/m), and that in test replicate #6 is the smallest (72.38 µm/m), proving that
the cumulative contraction permanent strain had an impact on the resistance to rutting as already
observed in the increasing MSCR tests. However, the overall variations of VP strains obtained from all
test replicates are still small (< 4.35%); therefore, the bias could be considered small and did not affect
much the agreement between the obtained results.

It remains to us to respond to the question raised in the introduction of the MSCR test. Based on
the results obtained in the increasing and decreasing MSCR test replicates, one can conclude that the
loading pattern does affect the amount of VP strain accumulated in the sample. In fact, the average
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Figure 19. Evolution of VP strains at 50°C in sample #3 during all decreasing MSCR test replicates.

value of VP strains at the end of the loading period obtained in the decreasing MSCR test is 76.18
µm/mwhile that obtained in the increasing MSCR test is 86.97 µm/m, which is 14.16% higher.

4. Conclusions

In this paper, a generalised version of the creep-recovery test procedure has been proposed to exam-
ine the permanent deformation of asphalt mixtures exerted by any complex loading history in the
time domain. The results of the generalised creep-recovery test were successfully used to characterise
both the viscoelastic and permanent deformation behaviour of the material at 50°C without conduct-
ing dynamic modulus tests. Owing to the present back-calculation algorithm, the creep compliances
were determined with a good level of accuracy and repeatability, based on which the viscoplastic
strains could be accurately determined even with short recovery periods. The main findings of this
work can be drawn as follows:

• The AACC function derived from the Huet-Sayeghmodel outperforms the Prony series CC function
when used to fit the recovery compliance data. The CCs obtained with the latter function deviated
far from the exact CCs, especially at low loading times,while those obtainedwith the creep function
derived from the Huet-Sayegh model showed a good agreement with the exact CCs.

• The duration of the recovery period has a significant impact on the directly measured VP strains
at 50°C; however, it does not affect much the back-calculated VP. In fact, a resting time equal to
2–3 times the loading time could lead to an accuracy level of roughly 3% for the back-calculated
VP strains. Therefore, a ratio of resting time to loading time ranging from 2 to 5 was sufficient for
the back-calculation algorithm to give reliable results for tests at 50°C. Conversely, a much longer
resting period was needed for the direct measurement to achieve good results at the same testing
temperature, at least 7 times the loading time.

• At a high temperature (50°C), permanent strains account for an important part of the total strains,
which suggests that a mixture with higher stiffness may have a higher resistance to rutting.

• When the resting time equals 5 times the loading time, the relative errors of the VP strain are lower
than 4.78%while any curve of VP strain differs < 10.91% from the average curve, which proves that
the back-calculation algorithm is reliable at the high testing temperature (50°C).

• The loading history does affect the development of VP strain. With the same number of load-
ing intervals, duration of loading period, and maximal level of the applied stress, the VP strain
obtained in the increasing MSCR test was larger than that obtained in the decreasing MSCR test,
approximately 14.16% higher in the conditions studied.



ROADMATERIALS AND PAVEMENT DESIGN 19

According to theobtained results, theproposed testprocedureallowsdeterminingwithgoodaccu-
racy and repeatability the pure permanent deformation of asphalt mixtures. Therefore, the results can
be used to calibrate predictive models as well as to evaluate the rutting potential of asphalt mixtures.
For instance, the present increasing MSCR test may be extended to be used as an accelerated test
for evaluating the resistance to rutting of asphalt mixtures like the standardised MSCR test already
developed for asphalt binders.
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ABSTRACT
The creep compliances, total, and viscoplastic (VP) strains of various asphalt
mixtures were determined from creep-recovery tests at different tempera-
tures to construct their master curves. In order to ensure the reliability of
the obtained results, the agreement between quantities in the time and
frequency domain as well as sources of bias in testing were investigated.
A viscoelastic and a VP model were used to respectively characterise the
reversible and irreversible deformation of the materials. The behaviour of
the specimens exerted by a constant stress at various temperatures were
thenpredictedusing independent valuesof theviscoelastic andVP reduced
times. Owing to the good agreement between prediction and measure-
ment, the time-temperature superposition principle in the VP domain was
verified. In general, the shift factors were uncorrelated with each other.
However, at elevated temperatures, the gaps between thembecame unim-
portant, enabling the extension of viscoelastic shift factors into the VP
domain.
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1. Introduction

Rutting, or permanent deformation (PD), is among themost common distresses of flexible pavement,
resulting in a severedecrease in traffic safety. According tomany studies (Garba, 2002; Khanet al., 2013;
Xu & Huang, 2012), the main mechanism causing PD is the accumulation of viscoplastic (VP) strain of
asphalt mixture layers under the action of loading and climatic conditions. Therefore, understanding
well the PD behaviour of asphalt mixtures is crucial for properly predicting the evolution of the rut
depth, based on which appropriate materials could be chosen or designed.

HamburgWheel Tracking test (HWT) has been extensively used to characterise the resistance to PD
of asphalt mixtures (Hua, 2000; Nahi et al., 2011; Nguyen, 2017). In such a test, the deflection at the
end of each load cycle is considered as the rut depth regardless of the contribution of viscoelastic (VE)
deformation. Therefore, the measured rut depth in an HWT test is not the one caused by the pure PD
of the material (Tran et al., 2023). In addition, the stress and strain fields in the sample during an HWT
test are not homogeneous, causing difficulties in the investigation of VP strain evolution.

Different from HWT test, repeated load permanent deformation (RLPD) tests conducted in uniax-
ial or triaxial compression of prismatic samples ensure uniformly distributed stress and strain fields
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inside the sample. Consequently, plenty of studies have used RLPD tests to investigate the develop-
ment of VP strain in asphalt samples (e.g. Dong et al., 2018; Fang et al., 2017; Isailovic et al., 2016;
Shume, 2002). The common loading shapes used in RLPD tests are haversine or multistep functions
with or without resting periods. However, the VE strain needs an extremely long time to entirely
recover; thus, the VP strain measured in RLPD tests is not the pure VP strain yet includes a part of
the VE strain that has not yet recovered despite a rather long resting period has been applied (Tran
et al., 2023).

Another drawback of RLPD tests is that VE characteristics cannot be determined from the results of
the test due to the short loading time applied and is thus commonly neglected. In some studies (e.g.
Darabi et al., 2012; Saadeh et al., 2007), extra dynamic modulus (DM) tests were performed to charac-
terise the VE properties of thematerial, fromwhich the pure permanent deformation can be extracted.
Such a two-stage characterisation certainly requires much more testing time, and more importantly,
accumulated VP strain during the preceding test will cause biases in the results obtained in the sub-
sequent one. In the case two different samples are used (one for RLPD and one for dynamic modulus
test), inconsistency between the VE properties of the two samples may give rise to negative values of
the VP strains obtained at a low number of loading cycles.

In contrast, the creep-recovery (CR) test is able to characterise simultaneously the VE and VP
behaviour in just one single run (Drescher et al., 1993). In fact, the VE creep compliance (CC) can be
back-calculated based on the data of the resting period while the VP strain can be computed from the
measured strain in the loadingperiod (Bai et al., 2014; Chenet al., 2017; Tran et al., 2023). TheCCsdeter-
mined from CR tests were demonstrated to be in full accord with those interconverted from dynamic
modulus data (Nguyen et al., 2021b; Tran et al., 2023). Thus, the VP strains obtained from CR tests are
indeed the pure irrecoverable strains.

In the linear viscoelastic (LVE) domain, the response of asphalt mixtures caused by a longer dura-
tion of the load and at a lower temperature is equivalent to that caused by a shorter loading time
and at a higher temperature, called time-temperature superposition principle (TTSP) (Ferry, 1980;
Tschoegl, 1989). It is well-known that asphalt mixtures are thermorheologically simple materials in
the LVE domain. Consequently, the master curve of LVE properties can be constructed by using hor-
izontal shifting techniques (Forough et al., 2014; Qian et al., 2008). Similarly, asphalt mixtures were
demonstrated to remain thermorheologically simple in the nonlinear viscoelastic region with or with-
out growing damage, and fatigue behaviour (Boussabnia et al., 2023; Bradai et al., 2022; Chehab et al.,
2002; Nguyen et al., 2009; Nguyen et al., 2013b; Nguyen et al., 2013a; Schapery, 1997; Schapery, 1999;
Schwartz et al., 2002).

ZhaoandKim (2003) conducted constant strain rate tests at various temperatures to show that TTSP
still holds in the VP domain with growing damage by constructing stress-log reduced-time master
curves. With this approach, themaster curves of VP strain, or the curve of VP strain caused by the same
stress level in a wide range of time of interest, were not able to be constructed. Moreover, RLPD tests
with the same loading conditions at 25, 40, and 55°C were additionally performed by Zhao and Kim
(2003). The testing timeswere chosen such that the reduced times calculatedwith VE shift factorswere
the same. The strains obtained at different temperatureswere then all plotted versus the reduced time
to demonstrate the agreement, hence the validity of TTSP in the VP domain. The approach was then
adoptedbyYunet al. (2010) to validate TTSP in theVPdomain in considering the effect of the confining
stress. Later, in an attempt to build the master curve of PD over a wide range of the reduced time,
Khosravifar et al. (2014) performed RLPD tests at three temperatures permixturewith the same testing
time and the obtained PD at each temperature was shifted using the shift factors determined from
dynamic modulus tests. Since the steps between the investigating temperatures were rather large,
there were no overlap portions in themaster curves of the PD obtained, and thus the characteristics of
the master curve were not assessed. Recently, Cao and Kim (2022) proposed a method to determine
VP shift factors by determining the value of a temperature-related parameter in the prediction of PD
obtained from triaxial RLPD tests. However, the construction of the VP strain master curve was not
considered by the authors. In the above-mentioned works, the application of TTSP in the VP domain



ROADMATERIALS AND PAVEMENT DESIGN 3

was partially demonstrated. Either the appropriate VP shift factors or the master curves of VP strains
have not been yet investigated.

Therefore, the objective of this work is to adequately verify the applicability of TTSP in the VP
domain within the low-strain regime. The reason for limiting the strain amplitude is to ensure that
the LVE theory is valid and the LVE properties in both time and frequency domains can be accurately
determined using fundamental procedures, based on which the reliability of the obtained results in
the VP domain can be assessed. The specific objectives of this work are defined as follows:

• investigating the pure VP strains in the low-strain regime of a variety of asphalt mixtures caused by
several stress levels and temperatures using CR tests;

• developingnew theoretical formulations toquantitatively estimate the influencesof various factors
causing biases in the obtained results;

• examining the extension of existing LVE shifting techniques into the total and VP strains and
developing a new shifting method to reliably determine the shift factors;

• analysing the properties of the obtained master curves and their corresponding shift factors to
theoretically demonstrate the applicability of TTSP in the VP domain;

• applying a simple VPmodel for predicting the irreversible strains of all studiedmixtures to demon-
strate the efficiency of the master curve of VP strains and the companion VP shift factors in
characterising and predicting the PD behaviour of asphalt mixtures, based on which the TTSP in
the VP domain can be experimentally validated.

2. Materials andmethods

2.1. Materials and samples preparation

In this study, the application of TTSP in the LVE and VP domain of three asphalt mixtures including a
conventionalmixture (AC), a polymer-modified bitumen (PMB) asphaltmixture, and a highlymodified
asphalt mixture (HiMA) was examined. The AC mixture was prepared with a neat bitumen of grade
PG 64 and the PMB mixture was produced with a polymer-modified bitumen. The PMB was a blend
of the neat bitumen and 4% ÷ 5% (in total weight) of styrene–butadiene–styrene (SBS) such that its
performance grade attained PG 76. In order to prepare the HiMA mixture, a highly modified bitumen
of PG 94 was used. It was obtained by modifying the PG 64 bitumen with approximately 2% (in total
weight) of SBS and a suitable amount of high modulus additive. All mixtures were made of andesite
aggregates, which were collected in the south of Vietnam. The nominal maximum aggregate size of
all mixtures is 12.5 mm and the proportions of all aggregates were chosen similar to those in (Nguyen
et al., 2021a). The fundamental properties of all mixtures were determined from three samples and
their mean values are reported in Table 1.

In order to prepare specimens for tests, the mixtures were compacted by a roller sector compactor
at 145, 160, and 175°C to obtain three plates of AC, PMB, and HiMAmixtures, respectively. The dimen-
sions of the plates were 0.32×0.26×0.08m3. After cooling down to room temperature, the plates were

Table 1. Engineering properties of the studied asphalt mixtures.

Results

Engineering properties Standards AC PMB HiMA

Optimum asphalt content (%) 4.8 5.0 5.0
Maximum specific gravity ASTM D2041 2.52 2.51 2.51
Bulk specific gravity ASTM D2726 2.39 2.38 2.36
Air void (%) ASTM D3203 5.16 5.18 5.98
Void in aggregate (%) 14.02 15.06 15.77
Marshall stability (kN) ASTM D6927 10.60 15.50 19.00
Marshall flow (mm) ASTM D6927 3.50 3.40 3.10
Indirect tensile strength at 25˚C (IDTS) (MPa) ASTM D6931 0.98 1.24 1.97



4 T.-N. PHAN ET AL.

Figure 1. Preparation of samples for AC, PMB, and HiMAmixtures.

sawed into three prismatic samples per mixture with dimensions: 0.07×0.07x 0.15m3 as shown in
Figure 1. It is worth noting that the discrepancy of the air void content between the prismatic speci-
mens was little thanks to the strict control of the mixing and compaction temperature. The standard
deviations (SD) of the air void contents were 0.34%, 0.22%, and 0.10% for AC, PMB, andHiMAmixtures,
respectively. The corresponding relative standard deviations (RSD) were 6.56%, 4.24%, and 1.69% of
the mean values.

2.2. Test set-up

The set-up of the CR test is described in Figure 2, inwhich the thermal chamberwas used tomaintain a
constant temperature, two LVDTs (linear variable displacement transducers)were used tomeasure the
strain, and the control and data acquisition system (CDAS) was responsible for controlling the applied

Figure 2. Test set-up for the CR test: (1) Upper load platen, (2) Lower load platen, (3) Displacement transducer, (4) Control
temperature sensor, (5) Thermal chamber, (6) CDAS.
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force and acquiring data during testing. It is worth mentioning that the actuator orientation was bot-
tom loading. In order to ensure a homogenous temperature field, the specimenwas left in the thermal
chamber for at least four hours before starting a test.

2.3. Determination of VP strain using single stress level creep-recovery (SSCR) test

In this study, the VP strain was calculated using the algorithm proposed by Tran et al. (2023), which is
comprised of three steps: (i) determination of creep compliance function, (ii) prediction of viscoelastic
(VE) strain, and (iii) calculation of VP strain, summarised as follows. Let the specimen be at zero-strain
and zero-stress conditions prior to the application of a single-step function as illustrated in Figure 3a.
With such a stress history σ(t), the typical response strain ε(t) in the specimen can be classified into
two phases: a developing one and a recovery one where a part of the strain is recovered once the
stress is removed as illustrated in Figure 3b. Therefore, it has been assumed in many studies that the
response strain, or the total strain, in an SSCR test is the summation of VE and VP strains (e.g. Alamnie
et al., 2022; Bai et al., 2014; Lai & Anderson, 1973; Levenberg, 2006; Perl et al., 1983; Sun & Zhu, 2013):

εT (t) = εVE(t) + εVP(t) (1)

It shouldbenoted thatdamage strainmayoccurunder tensile stress or veryhigh compressive stress
conditions. Thus, the applied compressive stress in this work was limited to being small enough so
that damage could be neglected. Within the small VE strain assumption, the Boltzmann superposition
principle is applied to compute the VE strain:

εVE(t) = D(t − t0)σ1, for t0 < t ≤ t1 (2)

εVE(t) = D(t − t0)σ1 − D(t − t1)σ1, for t > t1 (3)

where D(t) is the CC function being served as the unknown LVE properties.
Since the stress during the resting period is equal to zero, one can assume that VP strain does not

evolve during this interval of time:

εVP(t) = εVP(t1), for t > t1. (4)

Figure 3. Illustration of the stress history (a) and response strain (b) in an SSCR test.
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Figure 4. Illustration of Huet-Sayegh (a) and 2S2P1D (b) models.

Consequently, one can easily demonstrate that (Tran et al., 2023):

εT (t1) − εT (t)

σ1
= D(t1 − t0) − D(t − t0) + D(t − t1), for t > t1, (5)

wherein the VP strain is eliminated from the equation. With a chosen form function of D(t), the func-
tional Equation (5) can be solved in the sense of least squares. Owing to the excellence in fitting
LVE behaviour of asphalt mixtures (Cardona et al., 2015; Hornych et al., 2002; Nguyen et al., 2021a;
Olard & Di Benedetto, 2003; Pronk, 2005), the analytical approximate creep compliance (AACC) func-
tions derived from Huet-Sayegh (HS) and 2S2P1D models were suggested to be used as a solution to
Equation (5) (Nguyen et al., 2021b; Tran et al., 2023).

The HS and 2S2P1D models include one spring related in parallel with a series of one spring and
two fractional dashpots (and a linear dashpot) as illustrated in Figure 4. Their complex moduli were
given in (Olard & Di Benedetto, 2003; Pronk, 2005; Sayegh, 1965) and are presented in Equation (6):

E∗
HS(iω) = E0 + E∞ − E0

1 + δ(iωτ(T))−k + (iωτ(T))−h

E∗
2S2P1D(iω) = E0 + E∞ − E0

1 + δ(iωτ(T))−k + (iωτ(T))−h + (iωβτ(T))−1
, (6)

where ω (rad/s) is angular frequency; δ, 0 < k < h < 1 are model parameters; E0, E∞ are the value of
the complexmodulus whenωτ → 0 andωτ → ∞, respectively. The AACC functionwas derived from
the complex modulus by using the analytical approximate method of Schapery and Park (1999):

D

(
t = 1

ω

)
= sin(nsπ)

nsπ
· λ′(ω)

E′(ω)
; λ′(ω) = 
(1 − ns) cos

(
ns

π

2

)
, (7)

where 
(·) is the Gamma function, E′(ω) is the storage modulus, and ns is the local slope coefficient
of the curve of log(E′(ω)) versus log(ω), which can be explicitly calculated by a closed-form formula
as given in (Nguyen et al., 2022).

Once the CC function was determined, the pure VE strain can be predicted using Equations (2)-(3)
and the pure VP strain (εVP(t)) is computed by eliminating the VE strain from the total strain:

εVP(t) = εT (t) − εVE(t). (8)

3. Experimental results and analysis

This section presents the results obtained from a variety of SSCR tests performed at different stress
levels and temperatures. The stress levels and the temperatures were carefully chosen such that the
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Table 2. Summary of the experimental testing programme.

Test No. Sample Type of test Temperature (°C) Stress σ1(kPa) Purpose

AC-1,2,3,4 1.1 SSCR 17.5; 25; 32.5; 40 23.81 check TTSP
AC-5,6,7,8 1.2 SSCR 17.5; 25; 32.5; 40 35.71 check TTSP
AC-9 1.2 DM – – check time-frequency agreement
AC-10,11,12,13 1.3 SSCR 17.5; 25; 32.5; 40 53.57 check TTSP
AC-14,15,16 1.3 SSCR 25 53.57 check repeatability
AC-17,18,19 1.3 SSCR 32.5
AC-20,21,22 1.3 SSCR 40
PMB-1,2,3,4 2.1 SSCR 27.5; 35; 42.5; 50 23.81 check TTSP
PMB-5,6,7,8 2.2 SSCR 27.5; 35; 42.5; 50 35.71 check TTSP
PMB-9,10,11,12 2.3 SSCR 27.5; 35; 42.5; 50 53.57 check TTSP
PMB – 13 2.3 DM – – check time-frequency agreement
PMB-14,15,16 2.1 SSCR 35 23.81 check repeatability
PMB-17,18,19 2.1 SSCR 42.5
PMB-20,21,22 2.1 SSCR 50
HiMA-1,2,3,4 3.1 SSCR 40; 47.5; 55; 62.5 23.81 check TTSP
HiMA-5 3.1 DM – – check time-frequency agreement
HiMA-6,7,8,9 3.2 SSCR 40; 47.5; 55; 62.5 35.71 check TTSP
HiMA-10,11,12,13 3.3 SSCR 40; 47.5; 55; 62.5 53.57 check TTSP
HiMA-14,15,16 3.3 SSCR 47.5 53.57 check repeatability
HiMA-17,18,19 3.3 SSCR 55
HiMA-20,21,22 3.3 SSCR 62.5

reversible strain was small enough for the Boltzmann superposition principle to be applied. In this
study, three stress levels of 23.81, 35.71, and 53.57 MPa were considered for all mixtures (see Table 2)
and each stress level was applied for one single sample per mixture. Since the LVE behaviour of
AC, PMB, and HiMA mixture are different, the testing temperatures for each mixture were not the
same—namely, 17.5, 25, 32.5, and 40°C for AC mixture; 27.5, 35, 42.5, and 50°C for PMB mixture; and
40, 47.5, 55, and 62.5°C for HiMA mixture. It should be noted that each sample of one mixture was
investigated at all testing temperatures as noted above to prevent the effects of the heterogeneity of
asphalt mixture on the construction of the master curves of total strain, CC, and VP strain. However, it
is obvious that the VP strains accumulated during preceding tests certainly affect the evolution of VP
strains of subsequent tests; thus, all tests were conducted from the lowest temperature to the high-
est one. In addition, the LVDTs were reset to zero before running an SSCR test so that the measured
response strain of the specimen in that SSCR test can be considered independent on those obtained
in other ones. In terms of testing time, the duration of loading and unloading periods are respectively
150s and 3000s.

The total number of samples was nine, labelled as 1.1, 1.2, and 1.3 for AC mixture; 2.1, 2.2, and 2.3
for PMBmixture and 3.1, 3.2, and 3.3 for HiMAmixture. In subsequent paragraphs, all results including
total strain, CCs, and VP strains at single temperatures as well as their master curves will be presented.
Furthermore, the results of dynamic modulus tests will also be shown to verify the agreement of LVE
properties in the time and frequency domain. The testing programme of this work is summarised in
Table 2 to facilitate the reading of this paper.

In this study, the following formula was thoroughly used to compute the relative difference (RD) or
relative error (RE) between two data sets:

RD, RE =
⎡
⎣∑

j

(Xj − Yj)
2/

∑
j

(Yj)
2

⎤
⎦
1/2

, (9)

where Xj , Yj are the value of the data set X and Y at discrete point j. In the case of evaluating CCs, the
inverted values of the CCs were used instead to avoid possible errors caused by too small values of
the CCs.
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3.1. Total strains, CCs, and VP strains obtained from SSCR

Figure 5 presents the results of the SSCR test conducted with sample 1.2 at 32.5°C. It can be observed
in Figure 5(a) that the AACC function derived from HS model gives rise to a good fitting of the exper-
imental recovery compliance in the unloading period. With the obtained best-fit parameters, the CC
was computed and is shown in Figure 5(b). The pure VE strain was also calculated and is presented in
Figure 5(c).

It is clear that the VE strain is smaller than the measured strain, which verifies the existence of
irrecoverable strain inside the sample even at an intermediate temperature. This proves that using
only creep test data (i.e. creep test without a resting period) certainly results in large errors of the VE
creep compliance as already mentioned in (Nguyen et al., 2021b). By eliminating the VE strain from
the total measured strain, one obtains the VP strains as displayed in Figure 5(d). It can be seen that
VP strain continuously increased during the loading period and remained almost constant during the
resting period as assumed. Thus, in upcoming paragraphs, just the total and VP strains in the loading
periods will be presented.

Figures 6–8 respectively depict the measured strain (total strain) of AC, PMB, and HiMA specimens
at different stress levels and temperatures. It is clear that the total strains rosewith an increase in stress
level or temperature. In addition, AC mixture is the most vulnerable to deformation, followed by PMB
mixture, and HiMAmixture has the largest modulus of deformation.

Figure 5. Results of the SSCR test at 32.5°C of AC: (a) Fitting results of the recovery compliance, (b) Back calculated CC, (c) Measured
and predicted VE strains, and (d) computed VP strain.
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Figure 6. Measured strains (total strains) of AC samples at different temperatures and stress levels (23.81, 35.71, and 53.57kPa):
(a) 17.5 and 32.5°C, (b) 25 and 40°C.

Figure 7. Measured strains (total strains) of PMB samples at different temperatures and stress levels (23.81, 35.71, and 53.57kPa):
(a) 27.5 and 42.5°C, (b) 35 and 50°C.

Figure 8. Measured strains (total strains) of HiMA samples at different temperatures and stress levels (23.81, 35.71, and 53.57kPa):
(a) 40 and 55°C, (b) 47.5 and 62.5°C.
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Figure 9. Back calculated creep compliance of asphalt mixtures at different temperatures: (a) AC mixtures, (b) PMB mixtures, and
(c) HiMAmixtures.

Figure 9(a), (b), and (c) respectively display the back-calculated CCs of AC, PMB, and HiMAmixtures
at different stress levels and temperatures. Once theCCs of all sampleswere determined, the VP strains
of all mixtures were computed and are all presented in Figures 10–12. It should bementioned that the
VP strains of AC mixture at 17.5°C and at 23.81kPa were not shown. At these testing conditions, the
deformation was too small to be accurately captured by the displacement transducers, resulting in
unreasonable negative values of the VP strain. It can be observed that the permanent deformation
grows with an increase in loading time despite that the applied stress is hold constant. In addition,
stress level and temperature also affect the development of VP strain. While stress level has a steady
impact on VP strain, temperature dramatically promotes the evolution of VP strain as can be observed
in the figures.

3.2. Constructing themaster curves of total strain, CC, and VP strain

TTSP says that the LVE property of a thermorheologically simple material at a temperature T1 and
loading time t1 is equivalent to that at temperature T2 > T1 and at loading time t2 < t1, and vice-versa.
In other words, the loading time at a lower temperature (T1) is ‘reduced’ by a factor equal to aT =
t2/t1 when converted to that at a higher temperature (T2). Consequently, by choosing an arbitrary
temperature as the reference temperature (Tref ) and shifting the LVE properties at all temperatures to
those at Tref , the master curve of the LVE characteristics can be obtained (Chailleux et al., 2006; Cho,
2016; Tschoegl, 1989). By following the sameprocess, themaster curves of the total andpure VP strains
were also constructed.
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Figure 10. VP strains of AC samples at different temperatures and stress levels (23.81, 35.71, and 53.57kPa). (a) 17.5 and 32.5°C.
(b) 25 and 40°C.

Figure 11. VP strains of PMB samples at different temperatures and stress levels (23.81, 35.71, and 53.57kPa). (a) 27.5 and 42.5°C.
(b) 35 and 50°C.

Figure 12. VP strains of HiMA samples at different temperatures and stress levels (23.81, 35.71, and 53.57kPa). (a) 40 and 55°C.
(b) 47.5 and 62.5°C.



12 T.-N. PHAN ET AL.

3.2.1. Horizontal shiftingmethods
The shift factors can be determined by simply adjusting adjacent isotherms (Ferry, 1980; Goodrich,
1988); however, the obtained results depend on the experience of the person processing the data
(Cho, 2016). In order to ensure the objectivity of the shift factors computed, Honerkamp and Weese
(1993) used a nonlinear regression method to calculate the shift factors from the storage modulus
data. First, the authors approximated the storagemodulus E′

Tref
(ω) at the reference temperature by an

N-order polynomial of log(ω):

log(E′
Tref (ω)) ≈

N∑
k=0

ak log (ω)k (10)

Then, the shift factors were determined by minimising the value of:

χ2 =
mT∑
j=1

nj∑
i=1

[
log(E′

Tj (ωi)) −
N∑

k=0

ak(log(ωi) + log aT (Tj))
k

]2

, (11)

where E′
Tj
(ωi) is the storage modulus measured at temperature Tj and frequency ωi; aT (Tj) is the shift

factor used to convert E′
Tj
(ωi) to that at the reference temperature,mT is the number of testing tem-

peratures, and nj is the number of frequencies at temperature j. As suggested by the authors, the order

of the polynomial should be chosen in the range of
mT∑
j=1

nj/20 ≤ N ≤
mT∑
j=1

nj/4. However, according to

the work of Cho (2016), the order of the polynomial should be around 10 for the computed shift fac-
tors to be independent of the polynomial order. This value is quite high, requiringmore data points at
one testing temperature so that the approximation by the high-order polynomial could be properly
performed. Moreover, in the case where temperature Tj and the reference temperature have a large
difference, the determination of shift factors may encounter large errors. This is because the two sets
of data do not have an overlap; thus, the calculation of shift factorsmust be based on the extrapolated
data of the storage modulus at the reference temperature. By using a different approach, Chailleux
et al. (2006) proposed a formula to calculate the shift factor based on the dynamicmodulus and phase
angle data at two close temperatures:

log(a(T1,T2)) = π

2
log(|E∗(T1,ω)|) − log(|E∗(T2,ω)|)

ϕ̄(T1,T2)(ω)
, (12)

where a(T1,T2) is the shift factor applied for isotherm T1 according to temperature T2; |E∗(T1,ω)|,
|E∗(T2,ω)| are respectively the dynamicmodulus at temperatures T1, T2 at a chosen angular frequency
ω; and ϕ̄(T1,T2)(ω) is the average of the two phase angles measured at frequency ω and temperatures
T1, T2. The accuracy of the shift factor computed from Equation (12) depends strongly on that of the
phase angle which is a quantity more difficult to measure (Phan et al., 2022; Rowe et al., 2009; Zhang
et al., 2020). Based only on the dynamic modulus data, Cho (2009) proposed to minimise the sum of
distances called ‘arc length’ formed by the shifted data points obtained at two close temperatures.
Based on our observations, the method only works well when the two isotherms have large enough
overlaps, or the slope of the curve is not too flat.

Algorithm 1. Algorithm for determining the shift factor
All the above-mentioned methods were originally oriented to be used in the frequency domain.

Some of them can be extended into the time domain such as those of Honerkamp and Weese (1993)
and Cho (2009). As the arc length method is more susceptible to the characteristics of the overlap of
the two isotherms, we considered only the method of Honerkamp and Weese (1993). A modification
of this method was proposed to reduce the order of the polynomial andminimise extrapolating data,
as shown in Algorithm 1 and graphically illustrated in Figure 13.
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Step 1: Determine the shift factor (an+1,n
T ) applied for (n + 1)th isotherm according to nth isotherm

- Fitting each data set by a (quadratic) polynomial, noted fn[log(t)]; fn+1[log(t)]
- Given an initial value of an,n+1

T , calculating the value of fn+1[log(t/a
n+1,n
T )]

- Determining an+1,n
T by minimising:


f 2 =
j2∑

j=j1
{fn(tj) − fn+1[log(tj) − log(an+1,n

T )]}2,
wherein fn[log(tj1 )] and fn[log(tj2 )] define the potential overlapping region of the two isotherms
Step 2: Determining the shift factor applied for an arbitrary isotherm according to the isotherm at Tref
- Let the kth isotherm be the reference isotherm, the shift factor applied for an arbitrary nth isotherm according to the

isotherm at Tref :

an,kT =
n∏
i=k

ai,i+1
T if n ≥ k; an,kT =

k∏
i=n

ai,i+1
T if n < k.

Figure 13. Illustration of the proposed shifting method based on Honerkamp and Weese (1993)’s shifting method.

3.2.2. Master curves of CC, total, and VP strain
Figures 14–16 plot the master curves of CC and the corresponding shift factors of AC, PMB, and HiMA
mixture, respectively. It can be seen that the results obtained from the three samples agree well with
each other. The RDs between allmaster curves of CC and their average curve are lower than 11.80% for
AC mixture, 6.52% for PMB mixture, and 6.27% for HiMAmixture. Relating to shift factors, the RDs are
lower than 5.96% (see Table 3). It is worthmentioning that themaster curves of CC and the shift factors

Figure 14. Master curves of all back-calculated CCs of AC mixtures (a) and their corresponding shift factors (b).
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Figure 15. Master curves of all back-calculated CCs of PMBmixtures (a) and their corresponding shift factors (b).

Figure 16. Master curves of all back-calculated CCs of HiMAmixtures (a) and their corresponding shift factors (b).

Table 3. Inter-sample discrepancy of CCs and VE shift factors.

Mixture Sample code RDs of CCs RDs of aT

AC 1.1 0.0903 0.0324
1.2 0.0940 0.0522
1.3 0.1180 0.0416

PMB 2.1 0.0652 0.0180
2.2 0.0432 0.0274
2.3 0.0323 0.0428

HiMA 3.1 0.0497 0.0596
3.2 0.0627 0.0471
3.3 0.0147 0.0204

of all mixtures were constructed with different testing specimens and stress levels. Despite that, the
maximal value of the RDs is small, ≤ 11.80% for CCs, and ≤ 5.96% for shift factors. Owing to the little
discrepancy of the air void in specimens as reported in Section 2.1., this good level of repeatability
proves the linearity of VE properties with the applied stress levels.

Theobtained total andVP strains of AC, PMBandHiMAmixtureswere alsohorizontally shiftedusing
the algorithm proposed in Section 3.2.1 and are displayed in Figures 17–22(a). The shift factors used
to construct themaster curves of total and VP strain, respectively noted as aT ,T , aT ,VP, are also shown in
Figures 17–22(b). The overlaps of VP strain isotherms in Figures 20–22(a) result from the fact that the
LVDTs were all reset to zero before conducting a new SSCR test as above-mentioned in the beginning



ROADMATERIALS AND PAVEMENT DESIGN 15

Figure 17. Master curves of total strain of AC mixtures (a) and their corresponding shift factors (b).

Figure 18. Master curves of total strain of PMBmixtures (a) and their corresponding shift factors (b).

Figure 19. Master curves of total strain of HiMAmixtures (a) and their corresponding shift factors (b).

of Section3. It canbeobserved that the set of all the shifted curvesof total andVP strain seems to forma
single and relatively smooth curve. In addition, the curves aremonotonous, which ensures an injective
relationship between time and total or VP strain. Thus, the curve formed by all shifted curves of total
and VP strain can be considered the master curve of total and VP strain at the reference temperature.
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Figure 20. Master curves of VP strain of AC mixtures (a) and their corresponding shift factors (b).

Figure 21. Master curves of VP strain of PMBmixtures (a) and their corresponding shift factors (b).

Figure 22. Master curves of VP strain of HiMAmixtures (a) and their corresponding shift factors (b).

Furthermore, the functions of all shift factors (aT ,T and aT ,VP) are also monotonous, which ensures a
unique relationship between temperature and aT ,T or aT ,VP. Therefore, TTSP can be considered valid
for both total and VP strain of the mixtures investigated.



ROADMATERIALS AND PAVEMENT DESIGN 17

With regards to the discrepancy caused by inter-specimen heterogeneity and different stress levels
on the obtained aT ,T and aT ,VP, the largest value of RDs of all total and VP shift factors and their average
values is respectively 10.42% and 15.09% for ACmixture, 5.93% and 9.43% for PMBmixture, and 2.30%
and 4.23% for HiMA mixture. The values are small and well-accepted in pavement engineering; thus,
it can be concluded that the total and VP shift factors do not depend on the applied stress level.

3.2.3. Comparison of total, VE, and VP shift factors
In order to compare the shift factors used to construct the master curves of total strain, CC, and VP
strain, the values of aT ,T , aT , and aT ,VP are once again plotted in the same figure (Figure 23). Factors
causing biases in the values of aT ,T , aT ,VP such as the inaccurate application of the pure creep loading
history and effects of the cumulative permanent strain on successive SSCR testingwere carefully inves-
tigated to quantitatively estimate the reliable intervals of the shift factors. For instance, the error bars
attached to the graphs of aT ,T and aT ,VP denote their possible lower and upper bounds while those
displayed in the plot of aT are just the SD of the set of three values of aT obtained from three SSCR
tests. The detailed discussion on the bias estimation for aT ,T and aT ,VP will be presented in Section 3.3.

As can be seen in Figure 23, aT ,T and aT ,VP corresponding to elevated temperatures (as compared
to the performance of the studied mixture, e.g. ≥ 32.5°C for AC mixture, ≥ 42.5°C for PMB mixture,
and ≥ 55°C for HiMA mixture) seem to have similar values with VE shift factors. In fact, at these tem-
peratures, the mean RD between aT ,T and aT is 13.76% for AC mixture, 26.98% for PMB mixture, and

Figure 23. Shift factors of total, VE, and VP strain obtained with (a) AC, (b) PMB, and (c) HiMA samples. The error bars in the graphs
of aT ,T and aT ,VP indicate the reliable interval of shift factors at a testing temperature considering biases caused by accumulated
permanent contraction strains while the error bars in the graphs of aT show the variation of aT obtained from SSCR tests with
different stress levels.
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Table 4. Relative differences between mean values of shift factors.

RD |Mixture AC PMB HiMA

aT ,T vs. aT (%) 25.639 33.744 20.034
aT ,VP vs. aT (%) 29.528 82.440 44.007
aT ,VP vs. aT ,T (%) 4.487 36.907 20.876

Table 5. Potential lowest RDs between shift factors.

RD |Mixture AC PMB HiMA

aT ,T vs. aT (%) 11.419 23.367 14.932
aT ,VP vs. aT (%) 18.947 60.156 35.366

7.04% for HiMAmixture while themean RD between aT ,VP and aT is 14.95% for ACmixture, 35.71% for
PMBmixture, and 11.73% for HiMAmixture. These rather small gaps of total and VP shift factors of AC
and HiMA mixtures estimated at elevated temperatures may explain the suggestion of many authors
to extend the validity of VE shift factors into the VP domain.

However, in considering the full range of the investigating temperatures, the differences between
aT ,T and aT , and between aT ,VP and aT become significant. As reported in Table 4, the RDs between
themean values of aT ,T and aT may reach 33.74% for the case of PMBmixture while the gaps between
the mean values of aT ,VP and aT are even higher with the RD exceeding 82.44% for the same mix-
ture. Even though the discrepancies of all shift factors are considered, the gaps between aT ,T and aT ,
and between aT ,VP and aT of all mixtures are still clearly recognisable. In fact, the potential shortest
distances between aT ,T and aT of AC, PMB, and HiMA mixture are respectively 11.42%, 23.37%, and
14.93% (see Table 5), while the possible minimal gaps between aT ,VP and aT are much higher, 18.95%
for ACmixture, 60.16% for PMBmixture, and 35.37% for HiMAmixture. This indicates the obvious inde-
pendence of the total and VP shit factors on the VE shift factors as already pointed out in (Cao & Kim,
2022).

An interesting point to be mentioned is that aT ,T and aT ,VP of AC mixture, or the unmodified one,
seem to share the samevalues at all testing temperatureswith theRDbetween thembeingonly 4.49%.
However, this property does not necessarily lead to a dependent relationship between aT ,T or aT ,VP
with the VE shift factor. Apart from this case, the graphs of aT ,T and aT ,VP show obvious gaps between
them, proving the necessity of using independent values of the total, VP, and VE shift factors in the
characterisation and modelling of the full-range stress–strain behaviour of asphaltic materials.

3.2.4. Comparison of the resistances to PD ofmixtures
With the constructed master curves of VP strain, the resistance to PD of the three mixtures can be
comparedbyplotting themaster curves of VP strain causedby the same stress levels applied andat the
same reference temperature (40°C) (see Figure 24). Overall, HiMA mixture has the highest resistance
to permanent deformation, followed by PMB mixture, and AC mixture is the least rut resistant. For
instance, in order for the VP strain to attain a value of 10−4(m/m)with the applied stress equal to 23.81
kPa, the loading time neededwas approximately 7922s for HiMAmixture, 101.6s for PMBmixture, and
2.57s for AC mixture (see Figure 24a). With a fixed value of loading time, e.g. at 100s, the VP strains of
HiMA mixture, PMB mixture, and AC mixture were respectively 3.28 × 10−5, 3.28 × 10−4, and 1.61 ×
10−3(m/m) when the stress level was 53.57 kPa. The differences are large enough to effectively rank
the resistance to PD of all mixtures.

It should bementioned that the VP strains of PMBmixtures obtained with the stress levels of 35.71
and 53.57kPa at a loading time lower than 0.12s were larger than those of ACmixtures (see Figure 24b
and c). This may suggest that the resistance to PD at an extremely short loading time of PMBmixtures
is lower than that of AC mixtures. However, the order of magnitude of the VP strains at that range of
loading time was small, approximately 10−5(m/m). Thus, this observation may stem from the errors
of measurement devices and needs to be checked in further studies.
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Figure 24. Comparison of the resistance to PD of all mixtures at different stress levels: (a) 23.81 kPa, (b) 35.71 kPa, and (c) 53.57 kPa.

3.3. Factors causing biases in the obtained results

3.3.1. Effects of non-instantaneous application of the stress
With a hydraulic servo actuator, the instantaneous stress cannot be exactly applied. In fact, the true
creep loading history was approximated by applying a ramp loading function during a short period,
called loading ramp time, prior to the application of a constant loading function (see Figure 25a). This
means that the response strains measured including VE and VP components are significantly lower
than the true values at the beginning of the test. Owing to the viscous properties of the materials
studied, the effects of the non-instantaneous application of loading rapidly attenuate, and the mea-
sured strain approaches its true value as the creep time exceeds somemoment, noted as tc. Therefore,
the response strains measured at t < tc are less reliable and need to be cut off from the results.

According to the results reported in Appendix A1., in order to ensure the tolerance of 2% for the
obtained results, the cut-off times for VE component range from6.46 to 11.83 times t0 while the cut-off
times for VP strain are slightly higher, varying from 9.51 to 15.15 times t0. Therefore, with the loading
ramp time being set to 0.5s in this study, the measured data before 7.5s were cut off to mitigate the
effects of the non-instantaneous application of the stress on the obtained results.

3.3.2. Replication of VP strains and effects of accumulated permanent contraction strain on the
measured total and VP strains, and their companion shift factors
In this study, the determination of VP strains at four temperatures in ascending order caused by one
stress level was performed on one single specimen instead of four different virgin specimens. Before
runninganSSCR test, the specimenswere left freeof stress for approximately 20hat roomtemperature
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Figure 25. Illustration of the applied creep loading history at the beginning of an SSCR test. (a) ramp stress history created by the
hydraulic servo actuator used. (b) conversion of ramp stress history into a pure creep stress history.

Figure 26. Illustration of the effect of cumulative permanent contraction strain on the measured strains.

for thematerial to restore asmuch as possible to its initial conditions, and the LVDTswere reset to zero
so that the measured response strain of the specimen in an SSCR test can be considered independent
on those obtained in other SSCR tests. With this approach, the effect of inter-specimen heterogeneity
is eliminated, and the experimental cost is significantly reduced. However, the VP strain accumulated
during preceding SSCR tests certainly affects the development of VP strain in subsequent ones as
already pointed out in (Tran et al., 2023). In fact, after performing an SSCR test, the permanent contrac-
tion strain inside the specimen increases by an amount equal to the VP strain developed in that SSCR
test,which enhances the aggregate interlock andmakes thematerial harden. In otherwords, themate-
rial of the specimen is not virgin before running SSCR tests except the test at the lowest temperature,
which makes the measured total and VP strains lower than their true values except the one obtained
at the lowest temperature as illustrated in Figure 26. This phenomenon certainly causes biases in the
construction of the master curves of total and VP strain.

Therefore, tests were consecutively performed from the lowest to the highest temperatures with-
out alternating repeatability tests tominimise the influence of the cumulative permanent strain on the
obtained results. Instead, the replication of the total and VP strains under the same testing conditions
was assessed after all SSCR tests hadbeen finished. Three replicate tests for threemixtureswere carried
out on specimens 1.3, 2.1, and 3.3 to assess the extent of reduction in the total andVP strain inducedby
thenon-virgin conditionsof thematerial before conductingSSCR tests. SinceVP strains obtainedat the
lowest temperatureswere not affected by the accumulated permanent contraction strain, no replicate
test was conducted at that temperature. The results of the total and VP strains gained in replication
tests are all presented in Figures 27–29, which clearly show a considerable reduction in their values as
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Figure 27. Results of replication test of AC mixture at 25, 32.5, and 40°C. (a) Total strains, (b) VP strains.

Figure 28. Results of replication test of PMBmixture at 35, 42.5, and 50°C. (a) Total strains, (b) VP strains.

Figure 29. Results of replication test of HiMAmixture at 47.5, 55, and 62.5°C. (a) Total strains, (b) VP strains.

compared with initial SSCR tests due to the extremely high amount of the permanent strain already
accumulated in the specimens.

It can be seen in Figure 27–29 that the total and VP strains developed in a subsequent SSCR test
are lower than those in preceding SSCR tests due to mechanical hardening effects as previously men-
tioned. Let rTi and r

VP
i be the reduction ratios of the total andVP strains at a testing temperature defined
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Table 6. Reduction ratios of VP and total strains.

Mixture AC PMB HiMA

Temp. (°C) 25 32.5 40 35 42.5 50 47.5 55 62.5

r̄T 1.042 1.08 1.054 1.020 1.029 1.049 1.051 1.067 1.067
r̄VP 1.116 1.249 1.132 1.107 1.065 1.120 1.100 1.088 1.151

as the average ratios of the total and VP strains measured in test replicate i to those measured in test
replicate (i + 1). As a result, the average reduction ratios of the total and VP strains at that temperature
after one cycle of CR test were calculated as r̄T = ∑

rTi /2, r̄
VP = ∑

rVPi /2, and are reported in Table 6.
The data show that the values of r̄T and r̄VP are relatively small, respectively lower than 1.08 and 1.25,
proving the relatively good level of repeatability of the measured total and VP strains.

Let us now respectively define RT and RVP as the average ratio of the true total and VP strains to
the measured ones at a testing temperature. Since the values of VP strain at the end of an SSCR test
are almost greater than the amount of the cumulative VP strains gained in all previous SSCR tests (see
Figure 20–22), one can assume that RT ≤ r̄T and RVP ≤ r̄VP. With this assumption in hand, the reliable
intervals of shift factors for the total strains at a testing temperature Tj can be estimated:

log(aT ,T ) − log(RT (Tj))

ms
≤ log(aT ,T ) ≤ log(aT ,T ) + log(RT (Tref ))

ms
, if Tj > Tref , (13)

log(aT ,T ) − log(RT (Tref ))

ms
≤ log(aT ,T ) ≤ log(aT ,T ) + log(RT (Tj))

ms
, if Tj < Tref , (14)

wherems is the average slope coefficient of log(εT ) versus log(t) in the overlapping region of the two
isotherms. The equations for VP shift factors are similar to Equations (13)-(14) andwill not bepresented
here for the sake of brevity. The lower and upper bounds of aT ,T and aT ,VP were calculated and are all
presented in Figure 23. The largest discrepancies of the total and VP shift factors were respectively
±23.17% and ±34.05% (of the mean values) for AC mixture, ±20.07% and ±31.04% for PMB mixture,
and ±18.37% and ±26.32% for HiMAmixture.

3.4. Agreement between the results of LVE characteristics obtained in the time and
frequency domain

The agreement between the results of LVE characteristics of asphalt mixtures obtained in the time
and frequency domain needs to be verified to ensure that VP strain was accurately determined. After
conducting SSCR tests, dynamic modulus tests were also performed to determine the LVE behaviour
of the mixtures in the frequency domain. Since tests in the frequency domain are well-known and
widely used in the community, tests were carried out using only one sample per mixture (samples
1.2, 2.3, and 3.1). The master curves of dynamic modulus and phase angle were constructed using the
horizontal shifting technique presented in Algorithm 1 and predicted using the Huet-Sayegh model.
The complexmodulus functionwas then converted into theCC functionusing the algorithmproposed
in (Phan et al., 2022) to compare with the CCs back-calculated from SSCR tests. All the obtained results
will be presented in the next subsections.

3.4.1. Dynamicmodulus test
The test set-up was the same as that used for SSCR tests. A haversine shape compressive stress was
applied to the sample and the response strain was measured. The applied stress was carefully cho-
sen such that the strain amplitude did not exceed 75με as suggested in (Nguyen et al., 2021b) for
the behaviour of the mixture to remain in the LVE domain. Testing temperatures were −10, 0, 10, 20,
30, 40, and 50°C for all mixtures and an extra temperature (60°C) was investigated for HiMA mixture.
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Figure 30. Results of LVE characterisation of ACmixture. (a) Dynamicmoduli (b) phase angles, (c) Cole – Cole diagram, and (d) Black
diagram.

At each testing temperature, five frequencies (0.033, 0.1, 0.33, 1, and 3.33 Hz) were considered. The
raw data were post-processed using the algorithm presented in (AASHTO T342-11, 2011) to calculate
the dynamic moduli and phase angles. The reference temperature equal to Tref = 20◦C was chosen
for all mixtures.

Figures 30–32a and b respectively display the master curves of dynamic modulus and phase angle
of AC, PMB, and HiMAmixtures and the corresponding shift factors are presented in Figure 33. Mean-
while, Figures 30–32c and d show the Cole–Cole and Black diagrams of all mixtures. It can be seen
that all components of the complex modulus formed a single and relatively smooth curve; thus, TTSP
is applicable for all mixtures in the LVE domain.

In order to predict the LVE characteristics of all mixtures, the HS parameters were determined such
that the errors between the predicted and experimental dynamicmoduli wereminimal, except E0, k, h.
As suggested in many studies, parameters k, h were chosen from Cole–Cole diagrams to reduce the
number of variables in the optimisation process. Based on our observations, E0 has little impact on
the errors between the experimental and predicted dynamic moduli yet it affects much the results of
time–frequency interconversion.

Therefore, in order to ensure the objectivity in determining E0, its values were measured based on
staticmodulus tests conducted at a temperature higher than thehighest temperature used indynamic
modulus (5-10°C higher). Loading and unloading time in static modulus tests were respectively 300s
and 1500s. The static modulus E0 can be calculated by E0 = σ/
ε, where σ is the stress level applied
to the sample, 
ε is the recovered strain during the unloading period. The Huet-Sayegh parameters
are all presented in Table 7.
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Figure 31. Results of LVE characterisation of PMB mixture. (a) Dynamic moduli (b) phase angles, (c) Cole – Cole diagram, and
(d) Black diagram.

With the determined Huet-Sayegh parameters, the predicted LVE characteristics were computed
and are presented in Figures 30–32. As can be seen in the figures, Huet-Sayeghmodel represents very
well the LVE behaviour of all mixtures—namely, the relative errors between the predicted and exper-
imental dynamic modulus are lower than 2.94% while the relative errors between the predicted and
experimental phase angles are lower than 12.12% (see Table 8). It is clear that the relative errors of
the predicted phase angles of all mixtures are higher than those of the predicted dynamic moduli.
This may stem from the higher errors of phase anglemeasurement as already discussed in (Phan et al.,
2022; Rowe et al., 2009; Zhang et al., 2020).

3.4.2. Comparison of VE shift factors in the frequency and time domain
The shift factors used to construct the master curve of dynamic modulus were determined using the
algorithm presented in Section 3.2.1. In order to compare the shift factors in the frequency and time
domain, their values were converted into those at one common temperature at which both shift fac-
tors in the frequency and time domain were experimentally determined to avoid interpolation. As a
result, the new reference temperature of AC and HiMA mixtures was 40°C while that of PMB mixture
was 50°C (see Figure 34). It can be shown that the shift factors in frequency and time domain agree
relatively well with each other as already discussed in Nguyen et al. (2021b). In fact, the shift factors
in the frequency domain of AC, PMB, and HiMA differ respectively by 17.94%, 4.75%, and 5.97% from
those in the time domain.
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Figure 32. Results of LVE characterisation of HiMA mixture. (a) Dynamic moduli (b) phase angles, (c) Cole – Cole diagram, and
(d) Black diagram.

3.4.3. Comparison of creep compliances
A variety of methods have been proposed in the literature for time–frequency interconversion of
LVE properties, which can be classified into two main groups: numerical and analytical methods. For
instance, Baumgaertel and Winter (1989), Mead (1994), Mun et al. (2007), and Zhang et al. (2018) fit
the DMdata by the generalisedMaxwell model and then the CC function can be easily deduced. How-
ever, it is difficult to properly determine the retardation timesdue to thenonlinearity of theproblem. In
addition, thewaviness of the predicted resultswas often observedwhen fitting the noisy experimental
data. Regarding analytical approaches, themethod proposed by Schapery and Park (1999) was widely
used for its simplicity and explicit formulas. Since themethod used some analytical approximations in
the formulation, the errors of the interconverted results may reach 5% (Emri et al., 2005; Nguyen et al.,
2021b).

The objective of this section is to verify the agreement between LVE properties in the frequency
and time domains; thus, a much more accurate method for time–frequency interconversion must be
applied. For that purpose, the method proposed by Phan et al. (2022) was used to compute the CCs
from theDMdata. In order to facilitate the reading of this paper, thismethod is summarised as follows.
First, the storage compliance was calculated by:

D′(ωi) = cos(ϕ(ωi))/|E∗(iωi)|, (15)

whereD′(ωi) is the storage compliance, ϕ(ωi) is the phase angle, and |E∗(iωi)| is the dynamicmodulus.
Next, the storage compliancewas decomposed into the sumof exponential functions (SEFs) using the
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Figure 33. VE shift factors of (a) AC mixture, (b) PMBmixture, and (c) HiMAmixture.

Table 7. Huet-Sayegh parameters of all studied mixtures.

Mixture E0(MPa) E∞ (MPa) k h δ τ (s) Tref (°C)

AC 105.923 44232.438 0.170 0.435 0.770 0.005 20
PMB 98.834 31107.174 0.170 0.375 0.611 0.006 20
HiMA 115.355 39509.649 0.180 0.430 3.121 1.925 20

Table 8. The relative errors (RE) between the experimental and predicted
master curve of dynamic modulus and phase angle.

Mixture RE|E∗| (%) RE ϕ (%).

AC 2.937 9.714
PMB 2.866 12.117
HiMA 2.352 7.602

modified Dombi algorithm presented in (Nguyen et al., 2022):

D′(ωi) ≈ D∗(ω → ∞) +
Nj∑
j=1

D′
je
cjωi (16)

where cj is real-valued negative decay rates; D′
j is real-valued coefficients; and Nj is the num-

ber of exponential functions. Then, the CC function can be obtained using the inverted Fourier
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Figure 34. Comparison of VE shift factors in frequency and time domain. (a) AC mixture, (b) PMBmixture, and (c) HiMAmixture.

transform:

D(ti) = D∗(ω → ∞) + 2
π

Nj∑
j=1

D′
j · tan−1(−ti/cj) (17)

The creep compliances interconverted from DM data and those back-calculated from SSCR tests
of samples 1.2, 2.3, and 3.1 are all presented in Figure 35. As can be seen in the figure, all the
back-calculated and interconverted CCs are in relatively good accord with each other. The relative dif-
ferences between themare 4.28% for ACmixture, 8.38% for PMBmixture, and 4.57% for HiMAmixture.
This shows that the LVE properties determined from SSCR tests are reliable; therefore, the obtained VP
strains are reliable.

3.5. Application of TTSP in VP domain to characterise and predict the permanent
deformation behaviour of AC, PMB, and HiMAmixtures

This section is devoted to demonstrating the efficiency of TTSP in characterising and predicting the PD
behaviour of all studiedmixtures. Thus, thewell-knownpower lawmodel proposed in (Hua, 2000) was
adopted to represent the evolution of VP strain in the specimen subjected to a pure creep loading:

ε̇VP(t) = Abtb−1σm, εVP(t) =
∫ t

0
ε̇VP(τ )dτ = Atbσm, (18)
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Figure 35. Back calculated CCs versus interconverted CCs. (a) specimen 1.2, (b) specimen 2.3, and (c) specimen 3.1.

Table 9. Best-fit model parameters for predicting VP strains of all mixtures
exerted by a pure creep loading (the stress and time are in SI unit).

Mixture A b m

AC 7.296 × 10−12 0.538 1.459
PMB 6.454 × 10−11 0.319 1.298
HiMA 2.498 × 10−10 0.454 1.080

where b is the slope coefficient of the predicted VP strain curve in the double logarithmic scale,m con-
trols the nonlinear effect of the stress level, and A is just a correcting factor. Thus, in order to determine
all of themodel parameters, at least twomaster curves of VP strain caused by different stress levels are
required. Thus, themaster curves of VP strain caused by the lowest and highest stress levels were used
to calibrate the model while the master curves of VP strain caused by the remaining stress level were
used to assess the accuracy of the prediction. With the aid of the Microsoft Excel Solver toolbox, the
sumof squared errors between the predicted andmeasured VP strains in the double logarithmic scale
was minimised to determine the best-fit model parameters as reported in Table 9.

Figures 36–38(a) respectively show the VP strains of AC, PMB, and HiMA mixtures computed with
the best-fit parameters at the reference temperature caused by the stress levels of 23.81 and 53.57kPa.
It can be observed that the VPmodel used representswell the evolution of VP strains of PMB andHiMA
mixtures because of their straight-line shape in double logarithmic scale plots. Meanwhile, themaster
curves of VP strain of AC mixture are more complex, making the prediction with the model in Eq. (18)
less accurate. In fact, the relative errors between the best-fit and measured master curves of VP strain
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Figure 36. Identifying model parameters and predicting the evolution of VP strains in SSCR tests on AC specimens; (a) determina-
tion of model parameters based on the master curve of VP strain at the reference temperature equal to 32.5°C caused by the stress
levels equal to 28.81 and 53.57kPa; (b) prediction of VP strains caused by the stress level equal to 35.71kPa at various temperatures;
(c), (d), (e), and (f ) comparison of the predicted total strains with the measured strains at various temperatures.

of PMB and HiMA mixtures are respectively lower than 4.73%, and 9.75% while that of AC mixture
exceeds 16.15% despite the high coefficients of determination (R2 > 0.974).

The obtained best-fit parameters were then used to predict the evolutions of VP strains of all mix-
tures caused by the stress level of 35.71kPa at various testing temperatures. For that purpose, the
average VP shift factors determined from tests with the lowest and highest stress levels were used to
convert the real loading time at a temperature into the equivalent one at the reference temperature,
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Figure 37. Identifying model parameters and predicting the evolution of VP strains in SSCR tests on PMB specimens; (a) determi-
nation ofmodel parameters based on themaster curve of VP strain at the reference temperature equal to 42.5°C caused by the stress
levels equal to 28.81 and 53.57kPa; (b) prediction of VP strains caused by the stress level equal to 35.71kPa at various temperatures;
(c), (d), (e), and (f ) comparison of the predicted total strains with the measured strains at various temperatures.

called VP reduced time, with which the VP strain at any temperature can be computed:

εVP(t, T) = A · (t/aT ,VP(T))bσm. (19)

Figures 36–38(b) respectively display the prediction results of VP strains at various testing tempera-
tures of all mixtures. Overall, the relative errors of the prediction were rather small, lower than 12.03%
for most cases except that of PMB specimen at 27.5°C and AC specimen at 17.5 and 40°C as reported
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Figure 38. Identifying model parameters and predicting the evolution of VP strains in SSCR tests on HiMA specimens; (a) deter-
mination of model parameters based on the master curve of VP strain at the reference temperature equal to 55°C caused by stress
levels equal to 28.81 and 53.57kPa; (b) prediction of VP strains caused by the stress level equal to 35.71kPa at various temperatures;
(c), (d), (e), and (f ) comparison of the predicted total strains with the measured strains at various temperatures.

in Table 10. At the lowest testing temperatures, the values of VP strain were really small, at the order
of 10−5(m/m), which may make the LVDTs more sensitive to sources of perturbation. Meanwhile, the
high error of VP prediction of AC mixture at the highest testing temperature can be explained by the
simple nature of the VP model used. In fact, the curves of the VP strains of AC mixture in a double
logarithmic scale plot are curvilinear while the model is just able to predict a linear relationship.
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Table 10. Relative errors of the prediction of VP strains of AC, PMB, and HiMA specimens caused
by stress level 35.71kPa.

AC mixture PMBmixture HiMAmixture

Temp. (°C) RE (%) Temp. (°C) RE (%) Temp. (°C) RE (%)

17.5 80.820 27.5 48.724 40.0 12.034
25.0 3.544 35.0 11.188 47.5 6.574
32.5 3.162 42.5 0.848 55.0 3.017
40.0 27.937 50.0 8.499 62.5 2.944

Table 11. Relative errors of the prediction of the total strains of AC, PMB, and HiMA specimens
caused by stress level 35.71kPa.

AC mixture PMBmixture HiMAmixture

Temp. (°C) RE (%) Temp. (°C) RE (%) Temp. (°C) RE (%)

17.5 113.405 27.5 38.906 40.0 11.252
25.0 10.085 35.0 28.141 47.5 13.140
32.5 5.076 42.5 1.724 55.0 2.797
40.0 37.703 50.0 5.903 62.5 3.460

Since the VP strains were not directly measured yet back-calculated from the response of the spec-
imens, the accuracy of VP prediction results needs to be verified once more time with the directly
measured data, or the total strains. Therefore, the total strains of all mixtures in SSCR tests with the
stress level 35.71kPa at different temperatures were predicted and comparedwith themeasured ones
(see Figure 36c-f, 37c-f, and 38c-f). In fact, the VE strains were predicted with the average CC function
obtained from the recovery data of testswith the lowest and highest stress levels and added to the pre-
dicted VP strains. As can be observed in Figure 36–38c-f, the predicted and measured total strains
agreed well with each other, except that of AC specimen at 17.5°C and 40°C and that of PMB spec-
imen at 27.5°C due to the high errors of the predicted VP strains previously mentioned. In fact, the
relative errors between the predicted and measured total strains of all specimens in most cases were
rather small, ranging from 1.72 to 28.14% (see Table 11), proving that the constructed master curves
of VP strain and their companion VP shift factors indeed characterise the pure PD behaviour of the
investigated materials.

Another point to be emphasised is that the predicted VE strains tended to recover all of their values
as the resting time increased. Therefore, using only the VE component cannot predict the total strains
of the specimens. Furthermore, it can be demonstrated that the predicted VP strain at the end of the
loading phase agreed well with the asymptotic values of the measured strains—namely, the relative
differences between them were almost lower than 12.52%. This indicates that the permanent strains
in the specimens did not evolve during the resting times as assumed and the VP prediction with the
best-fit parameters well reflects the evolution of the real permanent deformation in the specimen.
Thus, the total strain is indeed comprised of at least two components, a reversible one being the VE
strain and an irreversible one mainly constituted by the VP strain as assumed in Section 2.

4. Conclusions

The validity of TTSP in the VP domain within the low-strain regime has been successfully verified via a
rigorous testing programme coupledwith newly developed theoretical formulations for data analysis.
Based on the results obtained, the main features of the present work can be summarised as follows.

• The total strain was a priori assumed to be comprised of VE and VP components, with which the VE
and VP behaviourwere determined from the results of the SSCR test without performing additional
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tests in the frequency domain. Despite that, extra DM tests were also conducted to verify the accu-
racy of the VE properties determined in the time domain, and the obtained results showed good
agreement between the time and frequency domain. In fact, the relative differences between CCs
back-calculated and interconverted fromDMdata were lower than 8.38% for all mixtures while the
differences between shift factors were lower than 5.97% for PMB and HiMAmixtures, and equal to
17.94% for AC mixture.

• The proposed shifting method allowed us to objectively construct the master curves of all quan-
tities in the time and frequency domain. The obtained master curves of total and VP strain were
relatively smooth and monotonous ensuring an injective relationship between time and the total,
or VP strain. In addition, all the shift factors were independent of the stress levels applied and injec-
tive with the temperatures. Therefore, TTSP theoretically still held in the VP domain, at least with
the examined asphalt mixtures. Furthermore, the validity of TTSP was also experimentally verified
within the low-strain regime. In fact, a simple power law VP model was calibrated with the master
curves of VP strain obtained from the lowest and the highest stress levels and then used to pre-
dict the total strains at a different stress level and temperatures. The prediction achieved a good
level of accuracy with the relative errors being almost lower than 28.14% (including inter-sample
variations) for the VP strain values up to 1.83 × 10−3m/m for ACmixture, 8.01 × 10−4m/m for PMB
mixture, and 6.25 × 10−4m/m for HiMAmixture.

• Based on the prediction results of the total, VE, and VP strain, it was shown that using only one VE
component cannot accurately represent the real stress–strain relationship of the materials mani-
festing in SSCR tests. In addition, the predicted VP strains at the end of the loading phasewitnessed
good agreement with the asymptotic values of the measured strains as the resting time increased
with the relative differences being lower than 12.52% in most cases. Thus, the decomposition
assumption made for the total strain was validated.

• Factors causing biases in the obtained results were quantitatively estimated. According to the pro-
posed theoretical formulations, the cut-off time ranges from 6.46 to 15.15 times the loading ramp
duration for ensuring an acceptable tolerance of 2% for the VE and VP strain. Regarding the effects
of the cumulative permanent contraction strain, it was estimated from replication tests that the
total and VP strain suffers from a decrease in value after one cycle of SSCR test, with the reduction
ratio being lower than 1.08 for the total strain and 1.25 for the VP strain. As a result, the reliable
intervals of shift factors were quantitatively estimated—namely, the largest tolerances of the total
and VP shift factors were respectively ±23.17% and ±34.05% of the mean values.

• It was demonstrated that the total, VE, and VP shift factors seem to have similar values at elevated
temperatures. The mean RD between the total and VE shift factors was 13.76% for AC mixture,
26.98% for PMB mixture, and 7.04% for HiMA mixture while the mean RD between VP and VE shift
factors was 14.95% for ACmixture, 35.71% for PMBmixture, and 11.73% for HiMAmixture. Thismay
explain the suggestion of many authors to extend the validity of VE shift factors into VP domain.

• As the full range of temperatures was considered, obvious independence between VE and total
shift factors, and between VE and VP shift factors was observed. In fact, the RDs between the mean
values of the total and VE shift factors reached 33.74% for the case of PMBmixture while the values
for the VP-VE shift factor difference were even higher with the RD exceeding 82.44% for the same
mixture. In considering the discrepancies of all shift factors, the gaps between the total and VE shift
factors, and between the VP and VE shift factors are still clearly recognisable with the potential
closest distances between the total and VE shift factors, and between the VP and VE shift factor
being higher than 11.42% in all cases.

• Within the small strain regime, the stress level almost has no impact on the total andVP shift factors,
which is crucial for the applicability of TTSP in the VP domain.

Owing to the results of this work, the VP behaviour of asphalt mixtures can be investigated over a
wide range of loading times by conducting a series of SSCR tests with reasonable testing times instead
of performing extremely long-time SSCR tests like the LVE behaviour. Once the master curves of VP
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strain are constructed, the resistance to PD of asphalt mixtures will be assessed with high sensitivity.
For instance, ACmixturewasdemonstrated tobe themost vulnerable toPD, compared toPMBmixture
and HiMA mixture. The results obtained in this study are only valid in the small strain regime. For the
large strain behaviour, nonlinear VE theory must be implemented in the formulation to replace the
Boltzmann superposition principle, which will be carried out in future works.
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Appendix

A1. Estimation of the cut-off time for VE strains (and CCs) obtained from SSCR tests
The objective of this section is to analytically estimate the value of the cut-off time tc so that the obtained VE strains are
considered reliable. Since the time range of interest in this analysis is relatively short, the creep compliance function at all
testing temperatures can be approximated by the power law in Equation (A1) to facilitate the analytical investigation:

D(t) ≈ D1t
α1 . (A1)

The VE strain caused by stress histories 1 and 2 (see Figure 25) at 0 < t ≤ t0 can be easily computed by:

εVE,1(t) = D1t
α1 · σ1. (A2)

εVE,2(t) = D1tα1+1

α1 + 1
· σ1

t0
. (A3)

It is clear that εve,2(t) is less than εve,1(t) for α1 > 0 and t ≤ t0. As a result, there exists a time, noted ts, such that the
VE strain caused by stress history 1 at ts is equal to the VE strain caused by stress history 2 at a time t0:

ts
t0

= (α1 + 1)−
1

α1 . (A4)

Consequently, the ramp loading history can be approximated by a pure creep loading history in which the applied
stress is delayed by an amount of time equal to t′0 = t0[1 − (α1 + 1)−1/α1 ]. With the aid of the equivalent loading history
(stress history 3 in Figure 25b), the VE strain caused by the real loading history (history 2) at any time greater than t0 can
be computed:

εVE,2(t) ≈ D1(t − t′0)α1 · σ1. (A5)

Let TOL be the acceptable value of the relative tolerance, one can estimate the cut-off time as follows:

tc
t0

= 1 − (α1 + 1)−1/α1

1 − (1 − TOL)1/α1
. (A6)

With the TOL chosen equal to 2%, the estimation of cut-off times for VE strains (and CCs) of all mixtures at all testing
temperatures were calculated and are reported in Table A1. According to the data reported, the cut-off time varied with
testing temperature andmaterial type, ranging from6.46 to 11.83 times the loading rampduration t0. However, the value
of ts did not change much and its average value is approximately 2t0/5. Thus, the average value of the delayed time t′0
was nearly 3t0/5.

A2. Estimation of the cut-off time for VP strains obtained from SSCR tests
Let us now compute the VP strains caused by the two loading histories as illustrated in Figure 25 using the model in
Equation (18):

εVP,1(t) = Atbσm
1 , (A7)

εVP,2(t) ≈ A

(
t − 3t0

5

)b

σm
1 . (A8)

Table A1. Estimation of cut-off times for VE strains of all mixtures determined for each testing
temperature.

Mixture Temperature (°C) α1 ts/t0 tc/t0

AC 17.5 0.411 0.433 11.830
25.0 0.378 0.428 10.982
32.5 0.311 0.419 9.254
40.0 0.211 0.404 6.535

PMB 27.5 0.304 0.418 9.044
35.0 0.292 0.416 8.749
42.5 0.270 0.413 8.156
50.0 0.223 0.405 6.867

HiMA 40.0 0.328 0.421 9.694
47.5 0.327 0.421 9.670
55.0 0.299 0.417 8.917
62.5 0.208 0.403 6.460
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It should bementioned that the VPmodel in Equation (18) is only valid for the pure creep loading history. Therefore, it
cannot be used to compute the evolution of VP strain in the loading ramp period of stress history 2. Instead, the delayed
time t′0 previously estimated for VE strain was utilised to convert the ramp loading history 2 into an equivalent pure creep
loading in the consideration of the VP strain evolution. By applying the same approach, the cut-off times for VP strains
can be estimated:

tc,VP
t0

= 3
5

[
1 − (1 − TOL)

1
b

]−1
. (A9)

With the same value of the tolerance and the values of b given in Table 9, the estimated cut-off times for VP strains of AC,
PMB, and HiMAmixtures respectively equal to 15.15, 9.51, and 13.82 times the loading ramp duration t0.
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Abstract. Asphalt pavement (or flexible pavement) accounts for a large amount 
of the road transportation system in Vietnam for its ease of construction and 
maintenance, and the smoothness it provides to the vehicles while circulating 
on the pavement. Compared with rigid pavement, asphalt pavement has a short-
er service life; thus, more maintenance works are required to ensure the good 
quality of the pavement. Therefore, understanding the behavior of the material 
serves as the key point for the appropriate design of the pavement and ensuring 
a long service life. This paper will present a method for characterizing the linear 
viscoelastic properties of asphalt mixtures in the time domain, with which 
deeper insights into the behavior of the material at elevated temperatures can be 
revealed. The results of this study allow improving the accuracy of the analysis 
and design of pavement structures and thus the service life of the pavement. 

Keywords: Linear viscoelasticity, Creep compliance, Asphalt mixture, Stress 
and Strain, Time domain. 

1 Introduction 

Creep compliance (CC) and relaxation modulus (RM) are two linear viscoelastic 
(LVE) functions in the time domain. Their conjugate functions in the frequency do-
main are respectively the complex compliance and complex modulus (CM). The four 
LVE functions are all mathematically interrelated because the LVE behavior of the 
material is objective with the manner of measurement. However, experiments have 
shown that the determination of LVE properties in the frequency domain is much 
easier to perform. The reason is that beyond some level of temperature, asphaltic ma-
terial exhibits irreversible strain with which the measured strain is not a pure viscoe-
lastic quantity. In fact, Liu and You ([1]) reported that the irreversible deformation of 
an asphalt mixture in a creep-recovery (CR) test may account for up to 80% of the 
total deformation when the loading time is larger than 10s at 40°C. Thus, the LVE 
characterization of asphalt mixture by using relaxation and creep tests in the time 
domain often leads to large errors at high temperatures. In contrast, the LVE proper-
ties of the material determined by the dynamic modulus (DM) test are more reliable 
because the effect of viscoplastic (VP) strain can be easily eliminated. 
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In most finite element method (FEM) programs (e.g., ABAQUS, COMSOL) the 
RM or CC in the form of sums of exponential functions (SEFs) is required to define 
the LVE behavior of the material. Consequently, the value of the RM or CC must be 
converted from CM data and decomposed into the SEFs. As a result, small errors in 
the characterization of CM may enable large deviations in the analysis results in the 
time domain. Therefore, direct characterization of CC of asphalt mixture may im-
prove the perceiving of the behavior of the material at elevated temperatures. Recent-
ly, Nguyen et al. [2] have proposed an algorithm to back-calculate the pure CC based 
on CR test data, in which the influence of irreversible strain is eliminated and the pure 
LVE behavior can be extracted. 

Therefore, this study aims to assess the applicability of the algorithm proposed in 
[2] in characterizing the CC of a conventional asphalt (AC) mixture based on CR test 
data. For that purpose, classical DM tests were also conducted on the same material to 
determine the corresponding CM. The interconversion method proposed in [3] was 
used to convert the CM data into the CC functions based on which the agreement 
between the two quantities, CC determined in both domains (the time and frequency), 
can be assessed. 

2 Material and methods 

 
2.1 Material 

This work investigates the LVE properties of a conventional asphalt concrete (AC) 
that has been widely used in Vietnam. It was produced by mixing a suitable amount 
of neat bitumen of 60/70 pen (equivalent to performance grade PG 64) with well-
graded aggregate that was collected from a quarry in the South of Vietnam. The nom-
inal maximum aggregate size was 12.5mm and the gradation curve was designed 
based on the Marshall method and the specifications in [4]. The specimen used for all 
kinds of tests is prismatic with dimensions:0.07x0.07x0.15m3, which was sawed from 
a compacted plate of the AC mixture with dimensions: 0.32x0.26x0.018m3. 
2.2 Characterizing the creep compliance by using creep-recovery tests 

The applied load and the response deformation of CR tests are illustrated in Figure 1. 
The period without applied load is the unloading one wherein only the recovery of 
viscoelastic (VE) strain occurs. In this study, to directly determine the CCs of the AC 
mixture, the algorithm proposed by Nguyen et al. [2] was used for its efficiency in 
processing CR test data even at intermediate and elevated temperatures. 
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Fig. 1. Illustration of the applied load and the response deformation in a CR test. 

2.3 Time-frequency interconversion of LVE properties 

To verify the accuracy of the CCs determined from CR tests, the DM tests were per-
formed, and the obtained CM data were then converted into CCs in the time domain 
by using the method proposed by Phan et al. ([3]). 

3 Results 

 
3.1 Results of CR tests 

The data of the unloading period of CR tests and results of back-calculated CCs at 
various temperatures (-5, 2.5, 10, 20, 30, and 40°C) are presented in this subsection. 
To ensure that the material is still working in the LVE domain, the applied stress lev-
els were carefully chosen so that the response strains did not exceed 150 in all tests 

(see Table 1). The loading and resting times of each test are 150s and 750s, respec-
tively. 

The best-fit solutions of all tests are shown in Figure 2a and the CCs of the materi-
al were computed and are presented in Figure 2b. By adopting the time-temperature 
superposition principle (TTSP), the CCs at all temperatures were shifted along the 
time axis to construct their master curve (MSC) (see Figure 3a). The reference tem-
perature was chosen o

ref 20 CT  , and the corresponding shift factors Ta  are shown in 

Figure 3b. 

Table 1. Applied stresses on the sample in CR tests. 

Temperature (°C) -5 2.5 10 20 30 40 

Stress (kPa) 0.612 0.510 0.408 0.065 0.018 0.012 

Table 2. Parameter of the HS model in this study. 

0E  (MPa) E  (MPa) k  h      

80 34,500 0.163 0.480 1.504 0.029 
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Fig. 2. (a) Best-fit solutions and (b) back-calculated CCs of the study mixture at all testing 
temperatures. 

 

Fig. 3. Master curve of back-calculated CCs (a) and corresponding shift factors (b). 

3.2 Results of dynamic modulus test 

Temperatures of DM tests were chosen the same as those in CR tests. At each tem-
perature, testing frequencies were swept from the lowest to the highest as follows: 
0.033, 0.1, 0.33, 1, and 3.33Hz. The applied stresses were carefully chosen so that the 
strain magnitudes were lower than 75  to ensure that the behavior of the samples 

still stayed within the LVE regime. The obtained data were processed based on the 
specifications in [5]. The MSC of DM was constructed using the horizontal shifting 
technique and is shown in Figure 4a. By using the same shift factors, the MSC of 
phase angles was also constructed as presented in Figure 4b. 

The LVE behavior of the AC mixture can be predicted by either a mathematical or 
a rheological model. In this study, the Huet-Sayegh (HS) model, a rheological one, is 
chosen because the model involves fewer parameters yet well predicts the LVE be-
havior of asphaltic materials. The best fitting of the measured dynamic moduli and 
phase angles was plotted in Figures 4a-b with the HS parameters displayed in Table 2. 
As can be observed, the HS model can predict very well the LVE properties of the 
studied mixture. In fact, the relative error between the measured and the predicted 
values is just 4.095% for dynamic moduli and 6.329% for phase angles. In addition, 
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Cole–Cole and Black diagrams in Figure 4c-d also confirm the good level of fitting 
by the HS model. 

 

 

Fig. 4. Results of LVE characterization in the frequency domain. (a) Dynamic moduli (b) phase 
angles, (c) Cole – Cole diagram, and (d) Black diagram. 

 

Fig. 5. Interconversion of dynamic modulus data into creep compliance. (a) Result of approxi-
mation of storage compliance by SEFs, (b) MSC of back-calculated CCs and interconverted 
CC. 

3.3 Results of time-frequency interconversion 

First, the storage compliance was decomposed into SEFs with the aid of the modified 
Dombi method ([4]) as shown in Figure 5a. With the order of the polynomial chosen 
equal to 2000, the relative errors of the decomposition were extremely small, lower 
than 61.537 10  at all computed points. Then, the CC function was converted from 
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the storage compliance and is plotted with the CCs determined from CR tests in Fig-
ure 5b. 

The MSC of the converted and back-calculated CCs are in full accord with the 
relative difference between them being lower than 1.6%. It means that the MSC of 
back-calculated CCs is reliable. 

4 Conclusions 

The LVE properties of a conventional asphalt mixture have been successfully charac-
terized in the time domain even at elevated testing temperatures. It was demonstrated 
that the CCs determined in the time domain agree well with that interconverted from 
CM data. Consequently, the behavior of an LVE material can be fully characterized in 
the time domain without passing through the frequency domain. This allows the pre-
vention of intermediate errors encountered in the prediction of LVE behavior in the 
frequency domain as well as in the interconversion phase. Thus, the results of this 
work could be applied to improve the accuracy of the LVE characterization in the 
time domain as well as the analysis and design of pavement structures which are nor-
mally run in the time domain. 
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ễn�Thiện�Phúc,�Phạm�Hồng�Phúc,�Nguyễn�Trọng�Phước,�Lê�Quang,�Vũ�Duy�Quang,�
Trần�Quốc�Quân,�Lê�Minh�Quý,�Ngô�Văn�Quyết,�Nguyễn�Chỉ�Sáng,�Đỗ�Sanh,�Nguyễn�Hoài�
Sơn,�Lê�Lương�Tài,�Phạm�Mạnh�Thắng,�Trương�Tích�Thiện,�Bùi�Quốc�Tính,�Vũ Quốc�Trụ,�
Nguyễn�Thời�Trung,�Trần�Đức�Trung,�Trần�Minh�Tú,�Hoàng�Văn�Tùng,�Lã�Đức�Việt,�Nguyễn�
Trung�Việt,�Phạm�Chí�Vĩnh.

BAN�TỔ�CHỨC

Đồng�Trưởng�ban Nguyễn�Đình�Đức,�Trần�Văn�Liên.

Phó�Trưởng�ban Lê�Văn�Cảnh,�Nguyễn�Thị�Việt�Liên,�Trần�Văn�Nam.

Ủ ầ Anh�Bình,�Lương�Xuân�Bính,�Thái�Hoàng�Chiế ạ ồ
ễ ến�Dũng,�Phan�Hải�Đăng,�Phạ ến�Đạ ễn�Phong�Điề ạ

ả ầ ải,�Vũ�Công�Hàm,�Hà�Ngọ ế ễn�Quang�Hoàng,�Hoàng�Văn�Huân,�
Phan�Bùi�Khôi,�Đặ ảo�Lâm,�Đào�Như�Mai,�Dương�Tuấ ạnh,�Phan�Đăng�Phong,�Cao�Văn�
Phường,�Vũ�Ngọ ầ ố ễn�Hoài� Sơn,� Nguyễ ồng�Thái,� Đặ ọ
Thanh,�Châu�Đình�Thành,�Phạ ạ ắ ễn�Đăng�Tộ ễ ả ạ ố

ấ ầ ả

BAN�THƯ�KÝ

rưở ễ ị ệ

Ủ :�Vũ�Thị ễ ến�Cườ ải�Đăng,�Trần�Bình�Đị ầ ị
ễn�Quang�Hoàng,�Đặ ả ị ẩm�Ly,�Đào�Như�Mai,�Dương�Tuấ ạ

Phùng�Văn�Phúc,�Nguyễ ấ ắ ễ ạ ố ấ ầ ọ
ễ ọ

N N Ậ

Trưởng�ban Nguyễn�Tiến�Khiêm.

Với�sự�tham�gia�của Nguyễn�Tiến�Cường,�Phan�Hải�Đăng,�Trần�Bình�Định,�Nguyễn�Đình�Đức,�
Nguyễn�Quang�Hoàng,�Hoàng�Văn�Huân,�Nguyễn�Xuân�Hùng,�Nguyễn�Văn�
Khôi,�Đặng�Bảo�Lâm,�Trần�Văn�Liên,�Nguyễn�Thị�Việt�Liên,�Đào�Như�Mai,�Phùng�Văn�Phúc,�
Nguyễn�Tất�Thắng,�Trần�Ích�Thịnh,�Nguyễn�Đăng�Tộ,�Đỗ�Như�Tráng,�Trần�Ngọc�Trung,�Phạm�
Quốc�Tuấn



iv 
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Ờ N ĐẦ

ộ ị Cơ�họ ốc,�đượ ổ ức�thườ ỳ 5�năm,�là�diễn�đàn�của�đội�ngũ� ữ
ngườ ứ ả ạ ứ ụng�cơ�học�vào�các� lĩnh�vự ỹ ậ

ệ

Hội�nghị�Cơ�học�toàn�quốc�lần�thứ�XI�do�Hội�Cơ�học�Việt�Nam,�Viện�Cơ�học�và�Trường�

Đại�học�Công�nghệ�phối�hợp�tổ�chức�vào�ngày�02 03/12/2022�tại�Trường�Đại�học�Công�nghệ�(Đại�

học�Quốc�gia�Hà�Nội).�Hội�nghị�là�nơi�trao�đổi�các�thành�tựu�mới;�các�kết�quả�ứng�dụng�cơ�học;�

các�phương�hướng�nghiên�cứu�cơ�học�trong�nước�và�trên�thế�giới�nhằm�phục�vụ�công�cuộc�xây�

dựng,�phát�triển�đất�nước�và�hội�nhập�quốc�tế.

Hội�nghị�đã�nghe�và�thảo�luận�hơn�190�báo�cáo�khoa�học�của�các�tác�giả�trong�và�ngoài�

nước�thuộc�các�lĩnh�vực�cơ�học,�trong�đó�phần�lớn�là�báo�cáo�khoa�học�của�các�cán�bộ�trẻ.�Sau�

khi�gửi�các�báo�cáo�để�các�chuyên�gia�phản�biện,�1 bài�báo�đã�được�nhận�đăng�trong�Tuyển�tập�

công�trình�khoa�học�của�Hội�nghị.

Tuyển�tập�gồm�2�tập:

Tập�1.�Cơ�học�vật�rắn biến�dạng; Cơ�học�Đất,�Đá ôi�trường�rời; Trí�tuệ�nhân�tạo

cơ�học; Các�vấn�đề iảng�dạy�và�bồi�dưỡng�cơ�học

Tập�2.�Động�lực�học�và�Điều�khiển Cơ�học�Thủy�khí Cơ�học�Tính toán;�Cơ�học�Máy

Ban�Tổ�chức�cảm�ơn�sự�tham�gia�nhiệt�tình�của�các�thành�viên�Ban�tổ�chức,�Ban�Thư�ký�và�
Ban� khoa� học� hội� nghị.� Ban� Tổ� chức� xin� cám� ơn� các� đơn� vị: Trường� Đại� học� Công� nghệ�
(ĐHQGHN),�Viện� ghiên�cứu� ơ�khí,�Trường�Đại�học�Xây�dựng�Hà�Nội,�Trường�Đại�học�Sư�
phạm�kỹ�thuật�Vĩnh�Long�đã�nhiệt�tình�ủng�hộ,�tài�trợ�cho�Hội�nghị.

Mong�nhận�được�ý�kiến�đóng�góp�của�bạn�đọc�về�nội�dung�và�hình�thức�Tuyển�tập.



 

MỤC LỤC

ời đầ

TIỂU� N ĐỘNG�LỰC HỌC VÀ�ĐIỀU�KHIỂN

Nâng�cao�chất�lượng�điều�khiển�cơ�cấu�gimbal�hai�trục�bằng�bộ�điều�khiển�mờ�Fuzzy  

Phạm�Tân�Long,�Nguyễn�Minh�Viển�và�Lã�Tuấn�Anh  

Đáp�ứng�tần�số�của�dầm�Timoshenko�áp�điện�có�vết�nứt�chịu�tải�trọng�di�động 

Lê�Khánh�Toàn,�Nguyễn�Thị�Lan�và�Nguyễn�Tiến�Khiêm  

Tổng�hợp�luật�điều�khiển�hợp�thể�điều�khiển�ổn�định�hệ�con�lắc�ngược�xoay�dựa�trên�phương�
 

Nguyễn�Xuân�Chiêm,�Nguyễn�Sĩ�Hùng,�Nguyễn�Văn�Xuân,�Vũ�Đức�Trường,�Cao�Xuân�Hiếu
và�Nguyễn�Hoài�Nam  

Nghiên�cứu�ảnh�hưởng�của�độ�cứng�đến�lực�nâng�của�cánh vẫy�kiểu�côn�trùng 

Lê�Vũ�Đan�Thanh,�Đặng�Ngọc�Thanh yễn�Anh�Tuấn  

Điều�khiển�đội�hình�hệ�đa�tác�tử�phi�hôlônôm�sử�dụng�véctơ hướng 

Trần�Văn�Quốc�và�Nguyễn�Quang�Hoàng  

 

 

 

 

Hiệu�suất�của�bộ�thu�thập�năng�lượng�áp�điện�lên�hệ�phi�tuyến�kiểu�Duffing� Trường�hợp�cộng�
hưởng�chính 

Nguyễn�Ngọc�Linh,�Nguyễn�Văn�Mạnh�và�Nguyễn�Đông�Anh  

Tính�toán�dao�động�uốn�của�dầm�đàn�nhớt�cấp�phân�số�liên�tục�trên�các�gối�đàn�hồi�phi�tuyến�
chịu�tác�dụng�của�đoàn�tải�trọng�di�động 

Nguyễn�Minh�Phương,�Phạm�Thành�Chung�và�Nguyễn�Văn�Khang  

Đáp�ứng�điện�của�dầm�Timoshenko�bị�nứt�có�lớp�áp�điện�chịu�tải�trọng�điều�hòa�di�động 

Phí�Thị�Hằng  

Động�học�ngược�tay�máy�robot�không�gian�sáu�bậc�tự�do�có�độ�lệch�tại�vai�và�cổ�tay�sử�dụng�
c�tham�số�Euler 

Nguyễn�Quang�Hoàng và�Trần�Văn�Quốc  

Chuyển�động�tối�ưu�khứ�hồi�của�tay�máy�bốc�xếp�theo�một�quỹ�đạo�định�sẵn 

Đỗ�Đăng�Khoa,�Trần�Sĩ�Kiên,�Phan�Đăng�Phong�và�Đỗ�Sanh  

Mô�hình�khối�lượng�tập�trung�của�bộ�thu�thập�năng�lượng�có�kết�cấu�dầm�công�xôn�với�hai�lớp�
p�điện�phi�tuyến 

Nguyễn�Ngọc�Linh,�Nguyễn�Đông�Anh�và�Nguyễn�Văn�Mạnh



viii 

Thiết�lập�đầu�vào�bằng�phương�pháp�ghép�nối�khâu�cho phần�mềm�tự�động�phân�tích�động�lực�
học�hệ�nhiều�vật 

Nguyễn�Thái�Minh�Tuấn  

Mô�hình�lắp�nối�tiếp�của�bộ�thu�năng�lượng�áp�điện�kiểu�xếp�chồng�với�phần�tử�đàn�hồi�và�phần
tử�cản 

Nguyễn�Ngọc�Linh  

Ảnh�hưởng�sự�tương�tác�cọc�và�nền�lên�phản�ứng�động�kết�cấu�nhà�nhiều�tầng�chịu�gia�tốc�nền�
động�đất 

Nguyễn�Trọng�Phước�và�Lê�Văn�Nghĩa  

Giảm�chấn�trong�kết�cấu�nhà�nhiều�tầng�chịu�gia�tốc�nền�động�đất bằng�con�lắc�đơn�và�hệ�cản�
khối�lượng 

Nguyễn�Trọng�Phước,� Phạm�Đình�Trung  

Phân�tích�động�lực�học�của�bể�nước�ngầm�chịu�gia�tốc�nền�động�đất 

Đặng�Duy�Linh�và�Nguyễn�Trọng�Phước  

Sửa�chữa�dầm�tựa�đơn�có�nhiều�vết�nứt�sử�dụng�các�miếng�vá�áp�điện 

Lưu�Quỳnh�Hường,�Trần�Thanh�Hải�và�Nguyễn�Tiến�Khiêm  

Mô�hình�hóa�và�điều�khiển�quadcopter�bám�quỹ�đạo�tự�động 

Trương�Đạt�Thành,�Lê�Thành�Khương,�Nguyễn�Trần�Minh�Kha,�Trương�Quốc�Trí�
và�Trương�Quang�Tri  

 

 

 

 

Nghiên�cứu�thuật�toán�hai�bước�áp�dụng�cho�phương�pháp�trung�bình�hóa�không�pha�chẩn�đoán�
hư�hỏng�hộp�số�bánh�răng 

Nguyễn�Phong�Điền,�Nguyễn�Trọng�Du,�Nguyễn�Văn�Minh�Hoàng�và�Nguyễn�Văn�Tòng  

Đề�xuất�mô�hình�toán�học�phục�vụ�phân�tích�động�lực�học�cho�rô�bốt�đàn�hồi 

Chu�Anh�Mỳ,�Dương�Xuân�Biên�và�Vũ�Minh�Hoàn  

Phát�triển�giảm�chấn�MRF�kiểu�dòng�chảy�tự�thích�nghi 

Bùi�Quốc�Duy�và�Nguyễn�Quốc�Hưng  

Mô�phỏng�ảnh�hưởng�của�các�thông�số�động�lực�học�tới�quá�trình�thực�hiện�nhiệm�vụ�gắp�và�
đặt�của�cánh�tay�robot�UR5 

Nguyễn�Văn�Thưởng�và�Đinh�Văn�Phong

TIỂU� N CƠ�HỌC�THUỶ�KHÍ

Ứng�dụng�mạng�nơ�ron�nhân�tạo�trong�hệ�thống�tự�động�ổn�định�độ�sâu�phương�tiện�lặn�tự�hành 



ix

bình�phương�trình�vận�chuyển�chất�ba�chiều�bằng�tiếp�cận�đối�ngẫu 

Nguyễn�Thế�Hùng  

 

 

Nghiên�cứu�ứng�dụng�kè�sinh�thái�bảo�vệ�bờ�sông�ảnh�hưởng�thủy�triều�và�giao�thông�thủy�tại�
Đồng�bằng�sông�Cửu�Long 

Nguyễn�Thị�Bảy,�Hà�Phương,�Phạm�Ngọc,�Nguyễn�Trường�Thọ,�Trà�Nguyễn�Quỳnh
và�Huỳnh�Công�Hoài  

 

 

Mô�phỏng�và�phân�tích�diễn�tiến�cấu�trúc�xoáy�trong�nước�nhảy�trên�đáy�nhám�sử�dụng�phương�
 

Trịnh�Công�Tý, Trần�Công�Triệu,�và�Phạm�Chí�Thành  

 

 

Phương�pháp�xoáy�rời�rạc�hai�chiều�trong�nghiên�cứu�mô�phỏng�khí�động�lực�học�cánh�vẫy 

Nguyễn�Anh�Tuấn  

 

Đỗ�Hoàng�Thắng�and�Hồ�Xuân�Thịnh  

 

 

Nghiên�cứu�ảnh�hưởng�của�góc�nghiêng�bề�mặt�đến�chuyển�động�của�hạt�nước�trên�bề�mặt 

Vũ�Văn�Hưng,�Phạm�Thành�Liêm,�Nguyễn�Việt�Quang,�Nguyễn�Đình�Hòe�và�Vũ�Văn�Trường  

 

 

Phân�tích�tối�ưu�thiết�kế�thiết�bị�chuyển�đổi�năng�lượng�sóng�biển�dạng�phao�kép�cơ�cấu�trực tiếp 

Đặng�Thế�Ba�và�Đỗ�Huy�Điệp

TIỂU� N CƠ�HỌC�TÍNH�TOÁN

So�sánh�độ�chính�xác�của�các�phương�pháp�xấp�xỉ�bằng�tổng�của�hàm�số�mũ�sử�dụng�các�hệ�số�
có�giá�trị�thực 

Nguyễn�Huỳnh�Tấn�Tài

 

Tang�Tan�Minh  



x 

Tính�chất�cơ�học,�điện�tử�và�nhiệt�điện của�vật�liệu�thấp�chiều�SnS  

Trần�Thế�Quang,�Nguyễn�Hoàng�Linh,�Nguyễn�Minh�Sơn,�Nguyễn�Văn�Hội, Trần�Thị�Hòa,�
Vương�Văn�Thanh và�Đỗ�Văn�Trường  

 

 

Phân� tích� nứt� do� nhiệt� trong� vật� liệu� FGM� bằng� phần� tử� tứ� giác� bốn� nút� nội� suy� kép�mở�
rộng  

Nguyễn�Đình�Dư,�Nguyễn�Đình�Đức�và�Bùi�Quốc�Tính  

 

 

 

 

 

 

Phân�tích�ứng�xử�chịu�lực�của�bê�tông�cốt�sợi�thép�phân�tán�bằng�phương�pháp�trường�pha 

Nguyễn�Hoàng�Quân,�Trần�Bảo�Việt�và�Nguyễn�Quang�Sĩ  

Kết�hợp�phát�triển�giải�tích�và�kỹ�thuật�trí�tuệ�nhân�tạo�để�xây�dựng�phương�trình�thấm�Kozeny�
Carman�cho�vật�liệu�bê�tông�xi�măng�rỗng 

Lê�Bá�Anh,�Vũ�Thái�Sơn,�Nguyễn�Văn�Hưng,�Nguyễn�Thị�Hương�Giang�và�Trần�Bảo�Việt  

 

 

Tối�ưu�hệ�giằng�của�khung�thép�phi�tuyến�sử�dụng�phương�pháp�thiết�kế�nâng�cao�và�thuật�toán�
tiến�hóa 

Bùi�Trung�Phú,�Đặng�Duy�Khanh,�Trương�Hiệp�Hòa,�Lương�Văn�Hải,�Nguyễn�Công�Huân�
 

Chẩn�đoán�sức�khỏe�kết�cấu�sử�dụng�chuỗi�gia�tốc�và�học�sâu 

Đặng�Duy�Khanh,�Trương�Hiệp�Hòa,�Lý�Minh�Nguyệt,�Lương�Văn�Hải,�Nguyễn�Công�Huân
 

 

 

 

 

Tính� chất� truyền� động� điện cơ� của� vật� liệu� biphenylence� đơn� lớp� ứng� dụng� trong� cơ� bắp
nhân�tạo 

Vương�Văn�Thanh,�Mai�Văn�Đức,�Nguyễn�Tuấn�Hưng�và�Đỗ�Văn�Trường
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Phương�pháp�phần�tử�hữu�hạn�đa�giác�bình�phương�nhỏ�nhất�mới�cho�bài�toán�level�set 

Nguyễn�Trần�Bá�Đình,�Nguyễn�Hoàng�Sơn và�Phan�Đức�Huynh  

Chẩn�đoán�trạng�thái�không�cháy�trong�xy�lanh�động�cơ�diesel�máy�chính�tàu�biển�bằng�công�
suất�tức�thời�trên�trục 

Nguyễn�Xuân�Trụ,�Đỗ�Đức�Lưu,�Cao�Đức�Hạnh�và�Phạm�Văn�Ngọc  

 

 

í á ả ớ ạ ế ấ ò ạ ể 

ễ ữ ỳ ầ ũng�và�Lê�Văn�Cả

TIỂU� N CƠ�HỌC�MÁY

Phương�pháp�động�học�3D�và�con�đường�phát�triển�sáng�tạo các�truyền�động�bánh�răng 

Nguyễn�Thiện�Phúc  

Thiết�kế,�chế�tạo�robot�Delta�và�khảo�sát�ảnh�hưởng�của�các�yếu�tố�đến�độ�rung�trong�quá�trình�
hoạt�động 

Lê�Phấn�Nam,�Nguyễn�Quang�Minh,�Lê�Đức�và�Nguyễn�Ngọc�An  

Phân�tích�động�học�hệ�bánh�răng�không�tròn�kiểu� có�biên�dạng�cycloid�cải�tiến 

Nguyễn�Thành�Trung,�Phùng�Văn�Thơm Nguyễn�Hồng�Thái  

Phân�tích�ứng�suất�của�cặp�bánh�răng�elip�có�biên�dạng�răng�là�đường�thân�khai�elip�sử�dụng�
phần�mềm�  

Phùng�Văn�Thơmvà�Nguyễn�Thành�Trung  

 

 

 

 

Khảo�sát�ảnh�hưởng�của�một�số�thông�số�kết�cấu�đến�dao�động của�súng�PKMS 

Dương�Văn�Thạch,�Trần�Công�Dũng,�Nguyễn�Thái�Dũng,�và�Phùng�Văn�Minh  

Điều�khiển�theo�dõi�quỹ�đạo�Bézier�cho�robot�đa�hướng�bánh�xe�mecanum 

Nguyễn�Thành�Long,�Nguyễn�Thị�Thành,�Hoàng�Thiên,�Phùng�Văn�Thơm,�Nguyễn�Quang�Địch
và�Nguyễn�Thành�Trung  

Nghiên�cứu�tính�toán�thiết�kế�bánh�răng�bằng�vật�liệu�nhựa 

Tạ�Trí�Thông�và�Nguyễn�Hữu�Lộc  

Phân�tích�động�học�cho�robot�gia�công�phay 

Phan�Bùi�Khôi,�Hà�Thanh�Hải�và�Trần�Minh�Thúy  

Mô�hình�hóa�động�lực�học�robot�gia�công�cơ�khí 

ôi,�Hà�Thanh�Hải�và�Trần�Minh�Thúy



xii 

Ra�quyết�định�đa�tiêu�chí�để�lựa�chọn�xe�đạp�điện 

Trịnh�Văn�Huy,�Nguyễn�Quang�Quyết,�Vũ�Hữu�Bình,�Trần�Minh�Hoàng,�Nguyễn�Thị�Thủy�Tiên,
Lê�Tuấn�Anh, Đào�Thị�Nga, Nguyễn�Quốc�Đoàn,�Phạm�Hoàng�Tú,�và�Đỗ�Đức�Trung  

Ứng�dụng�đại�số�gia�tử�trong�điều�khiển�robot�gia�công�cơ�khí 

Phan�Bùi�Khôi�và�Nguyễn�Xuân�Hồng  
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So�sánh�độ�chính�xác�của�các�phương�pháp�xấp�xỉ
bằng�tổng�của�hàm�số�mũ�sử�dụng�các�hệ�số�có�giá�trị�thực

N Nguyễn�Huỳnh�Tấn�Tài
ến�trúc,�Trường�Đạ ọ ủ ầ ột,�Bình�Dương�

ựng,�Trường�Đạ ọc�Sư�phạ ỹ ậ

ắ ế ả đánh�giá�các�phương�pháp�thông�dụ ấ
ỉ ộ ố ổ ủ ố mũ�như�phương�pháp�hồ ến,�phương�

ột�phương�pháp�mới�đượ ớ ệ ần�đây�là�phương�pháp�Dombi�
ả ế ỉ ố ề độ ự ộ ụ ế ả
ứ ấy�phương�pháp�Dombi�cả ến�có�độ ấ ự ộ ụ ấ

nhưng�lạ ố ề ờ ấ ặ ậ ờ ấ ậ
được�để ể đạt�đượ ứ ố tương�đố ỏ hơn�mộ ầ ệ ở ấ ả các�điể ả

ầ ả ọn�trướ ệ ố,�điều�mà�các�phương�pháp�còn�lạ ể đạ
đượ

ừ :�Phương�pháp�xấ ỉ ổ ủ ố mũ,�phương�pháp�Dombi�cả ến,�phương�
ồ ế

ở đầ

ố ạ ổ ủ ố mũ�như�đượ ể ễn�theo�phương�trình�

=

= +�

đượ ứ ụ ộ ều�lĩnh�vự ỹ ậ ạ ể ễ
ặ ứ ể tìm�ra�đượ ệ ề ấn�đề ỹ ậ

ể ể đế ộ ố bài�toán�như�theo�dõi�số lượ ật�trong�môi�trườ ấ
lĩnh�vự ậ ậ ứ ạp�trong�lĩnh�vự ệ máy�tính�đòi�hỏ
như�thờ ộ ớ tăng�theo ấ ố

ạng�hàm�này�cũng�đượ ử ụ ộ ệ ả trong�lĩnh�vự ế ế
ế ấ ự Ứ ử ủ ậ ệ ựa�được�xem�như�vậ ệu�đàn�hồ ớ
ậy�để ự đoán�các�ứ ử ủ ậ ệ ề ạ ự áo�đã�đượ ự ồ

các�mô�hình�lưu�biế ọ ứ ử này,�các�mô�hình�lưu�biế
như� ,�2S2P1D�đượ ử ụ ộ ả năng�khớ ấ ố ớ ữ
ệ ệ ới�tương�đố ố ộ ự

ạ ể ợp�vào�các�chương�trình�phầ ử ữ ạ
ề ờ ẵ ở ạng�tườ

ộ ự ộ ự ế ủ ậ ệu�đàn�hồ ớ ế
ạ

=

= +�

ố ệ ữ ứ ấ ế ạ ủ ậ ệ ể được�xác�đị ở ộ ứ
ạp.�Nghĩa�là�mố ệ ữ ứ ấ ế ạ ủ ậ ệ ỉ liên�quan�đến�các�đạ

lượ ạ ời�điể ời�điểm�trước�đó.�Kế ả ả ột�cách�đáng�kể
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ờ ế ế ế ấ ự

ừ ý�nghĩa�thiế ự ủ ạ ổ ố mũ,�mộ ố phương�pháp�xấ ỉ
ộ ấ ỳ ằ ổ ố mũ�đã�được�đề ấ ụng.�Schapery�(1962)�đã�

phương�pháp�collocation�để ớ ớ ủ ậ ệu�polyme.�Phương�pháp�này�đượ
ả ế ằng�cách�làm�trơn�trướ ữ ệ ầ ớ ổ ỗ

đa�thức�để ả ố ủa�phương�pháp.�Bên�cạnh�phương�pháp�collocation,�phương�pháp�
ồ ến�cũng�đượ ử ụng�để ấ ỉ hàm�độ ề ừ ế ủ
ậ ệ ựa.�Đế ững�năm�gần�đây,�Dombi�(2006)�đã�giớ ệ ộ ậ ớ

để ấ ỉ ộ ằ ổ ố mũ�và�thuật�toán�này�đã�đượ ộ ự
ả ến,�đượ ọi�là�phương�pháp�Dombi�cả ế ằ ấ ỉ ủ ậ ệ ựa�đườ

ự ức�độ ố ủ ấ ỉ ảnh�hưở ấ ớn�đến�các�bướ
ậ ụ ủa�bài�báo�này�là�so�sánh�độ ự ộ ụ ờ

ằm�đánh�giá�mức�độ ệ ả ủa�ba�phương�pháp:�phương�pháp�collocation,�phương�pháp�hồ
ến�và�phương�pháp�Dombi�cả ế ứu�này�là�cơ�sở

ọ ự ọn�phương�pháp�xấ ỉ ộ ố ằ ổ ố mũ�phù�hợ ớ ụ ủ
ứ

2.�Cơ�sở ý ế

2.1.�Phương�pháp�hồ ế

Phương�pháp�hồ ế ể được�dùng�để ấ ỉ ộ ố ằ ộ ố
đượ ọ trước.�Cũng�giống�như�phương�pháp�hồ ế ấ ỉ ủa�phương�

ồ ến�cũng�là�xác�đị ố ủa�hàm�đượ ọ ổng�bình�phương�

ả ữ ấ ế ý ệ ị ủa�hàm�đượ ấ ỉ

ị ủa�hàm�đượ ọ ại�điể ụ ủa�phương�pháp�hồ ế ự ể

ổng�bình�phương�số dư:

= −�

Hàm�đượ ọn�trước�trong�phương�pháp�hồ ế ở ạ ổ ể ể
ễn�như�sau:

= + =

rong�đó,� ị được�xác�đị ừ hàm�đượ ấ ỉ ạ ị ọ

trướ ớ ế ố ố ẫ ạ

Ở ạ ổ ủ ố mũ,�hàm�chọn�trước�đượ ể ễn�như�sau:

+ +−

+
=

= +�

trong�đó� ổ ố hàm�mũ�sử ụng.�Để đơn�giả ệ ố trong�phương�trình�
đượ ế ọ ạ

=

= +�

Trong�lĩnh�vự ỹ ật,�phương�trình� thường�đượ ọ ỗ
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2.2.�Phương�pháp�collocation

ử ụng�phương�pháp�collocation�để ấ ỉ ộ ố ằ ổ ủ ố mũ�
ấ ỉ đượ ể ễ ỗ ớ ệ ố ự ằng�không�như�sau:

=�

rong�đó ố lượ ị ủ đượ ọn�trước.�Sau�đó,�các�giá�trị được�xác�đị

ệ ả ệ các�phương�trình�tuyế ệc�này�đòi�hỏ ầ ả ấ ị

ủ ố trong�đoạ ầ ấ ỉ = .�Trong�điề ệ ự ế ủ ỹ ậ

ố lượ ị ủ ố thườ ớn�hơn�nhiề ớ ệ ố ầ ủ ấ ỉ
đó� phương� pháp� bình� phương� cự ểu� đượ ử ụng� để ệ ủ ệ phương� trình�

ế

Phương�pháp�Dombi�và�phương�pháp�Dombi�cả ế

Phương�pháp�Dombi

Phương�pháp�này�đượ ớ ệ ần�đây�(Dombi,�2006).�Nộ ủa�phương�

pháp�được�tóm�lược�như�sau.� ả ử ả ầ ấ ỉ = đượ ả

ằ ằ  ị ấ ỉ ủ ại�điể =  ằ

 

=

= =� �

Đặ


= ệ phương�trình� ể ế ại�như�sau:

=

= =�

trong�đó� ố ần�xác�đị

ả ử ệ ủ ột�đa�thứ ậ ớ � ạng�như�sau:

trong�đó ệ ố ủa�đa�thứ ậ ế ế ủ ừ cho�đế

ớ ị − ủ ệ phương�trình� và�chú�ý�đế ệ ả ủa�phương�trình�

ẽ thu� được� phương� trình� sau: ự ệ

tương�tự ộ phương�trình�còn�lại,�ta�thu�đượ ệ phương�trình:

− −

+ − −

− − + − −

� + + + + =
�
�
�

+ + + + =�
�
�
� + + + + =�

ự ế ố lượng�phương�trình�trong�hệ phương�trình� ẽ ều�hơn�số ẩ ầ ệ
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ủ ệ ể thu�đượ ằng�phương�pháp�bình�phương�cự ểu.�Nghĩa�là�các�hệ ố ủa�phương�
được�xác�đị ằ ử ụ ậ ệm�đa�thứ ụ như�giả

ậ ế ị ủ ận�đồng�hành�đượ ậ ệ ủ
phương�trình� ẽ được�xác�đị ừ đó,�ta�có�thể tìm�đượ ệ ố mũ�dùng�trong�tổ

ố mũ:

=


ần�lưu�ý�rằ ệ ố ồ ả ầ ự ầ ả ể ặ ạ ầ ạ ỏ
ầ ả ị ặ ại.�Sau�khi�đã�xác�định�đượ ệ ố mũ,�các�hệ ố ẽ được�xác�đị

ằng�phương�pháp�bình�phương�cự ể như�đã�trình�bày�bên�trên.�

Phương�pháp�Dombi�cả ế

ải�chia�đoạ ả ả ằng�nhau�nên�phương�pháp�Dombi�sẽ ố
ề ờ ặ ảm�độ ả ấ ỉ ộ ế ả
ả ị ấ ộ ộ ự (2020)�đã�nhậ ấn�đề này�và�đã�đề ấ ả ế

phương�pháp�Dombi�như

ế ầ ả ả ỏ và�xác�đị ệ ố mũ�cho�mỗ ả
ỏ đó�bằng�phương�pháp�Dombi,

ạ ỏ ị ệ ố ặ ố ệ ố mũ�còn�lạ ộ ậ ợ
ệ ố mũ�duy�nhấ

Xác�đị ệ ố ủ ố mũ�bằ ỹ ật�bình�phương�cự ể

ề ầ ả

ế ả

ế ả ấ ỉ ớ ộ ạ ổ ủ ố mũ

ự ệ ấ ỉ ố dưới�đây

= +

ới�ba�phương�pháp�trình�bày�bên�trên�trong�khoả = − được�chia�đều�thành�100�đoạ

ớ ị ủ tương�ứ ị ắt�đầ ủ ấ ỉ ằng�phương�

ồ ến�đượ ấ ẫ ằng�1.�Đố ới�phương�pháp�collocation,�các�giá�trị

đượ ấ ả ằm�đả ả ả năng�xấ ỉ ủa�phương�pháp,�đồ ờ

tránh�trườ ợ ị đượ ọn�cho�phương�pháp�collocation�ngẫ ớ

ớ ệ ủa�hàm�đầ ấ ỉ đượ ảo�sát�đế ổ ủ ố mũ.�
ế ả ấ ỉ ố ấ ự ộ ụ ủa�các�phương�pháp�đượ ể ệ ở ệ ố

tương�ứng�đượ ả ố tương�đố ủ ấ ỉ
được�định�nghĩa�như�sau:

� �−
� �=
� �
� �

ớ =

rong�đó:� ần�lượ ị ủ ấ ỉ và�hàm�đượ ấ ỉ ạ điể



391

ả ệ ố ứ ới�trườ ợ ả ổ ủ ố mũ

ồ ế

ế ả ấ ỉ ả ự ộ ụ

ế ả ấ ỉ ự ộ ụ ủa�ba�phương�pháp�khảo�sát�đố ớ ạ
ổ ủ ố mũ

ế ả ấ ấ ỉ ộ ố ở ạ ổ ủ ố mũ�bằ ộ
cũng�có�dạ ổ ủ ố mũ,�trong�ba�phương�pháp�nêu�trên,�phươn

ả năng�xấ ỉ ố ấ ề độ ộ ụ,�phương�pháp�collocation�là�phương�pháp�kém�nhấ ầ
như�không�thể ấ ỉ ốt�hàm�đầu�vào.�Điề ợ ý ử ụng�phương�pháp�

ệ ố mũ�phải�đượ ọn�trước.�Do�đó,�trong�trườ ợ ố lượ ố mũ�bị ớ
ạ ả năng�xấ ỉ ủa�phương�pháp�sẽ ị ạ ế

ế ả ấ ỉ ới�hàm�môđun�dão�củ

Mô�hình�lưu�biế Sayegh�(Huet,�1963;�Sayegh,1965)�đượ ử ụ ộ
ự đoán�ứ ử ủ ậ ệ ự ồ ộ ắ ớ ộ
ụ ồ ộ ả ớ ến.�Mô�hình�đượ ọ ở

ọ
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Trong�mô�hình�HS,�các�đại�lượng�đặc�trưng�củ ậ ệu�được�xác�đị ề ầ ố

ụ ộ ế ạ ạ = ứ ất�đáp�ứ ẽ ạ += ớ

ầ ố ệch�pha.�Môđun�phứ ủ ậ ệu�thu�đượ ừ

như�sau�(Olard�và�Di�Benedetto,�2003;�Pronk,�2005):

�
− −

−
= +

+ +

trong�đó ố ủ � ị ủ �

��

ụ này,�ba�phương�pháp�đượ ớ ệ ở ần�trên�được�dùng�để ấ ỉ
môđun�dão�củ ậ ệ ựa�đã�đượ ằ HS�với�các�thông�số�của�
mô�hình�được�lấy�từ�nghiên�cứu�của�Pronk�(2005)�và�được�tóm�tắt�ở�Bảng�1.

ả ố ủ ủ ấ ừ ứ

�

−�

ạ ả ụ này,�phương�pháp�collocation�sẽ đượ ả
ớ ị đượ ấ ả ,…, ,…,

,…, ằm�đánh�giá�ả hưở ủ ả ảo�sát�đến�độ ủ
phương�pháp.�Đố ới�phương�pháp�hồ ế ệ ấ ỉ ẽ đượ ự ệ ớ ả năng�
ối�đa�củ ầ ề

Các�hàm�môđun�dão�là�các�hàm�đặc�trưng�cho�tính�chấ ủ ậ ệu�đàn�hồ ớt�đượ
xác�đị ế ờ ớ ả ị ấ ộ ừ ị ấ ụ như�10
đế ị ấ ớn�như�10 ặ ậ ế ả ủa�hàm�môđun�dão�rấ ộ

phương�pháp�Dombi�cả ến�đượ ử ụng�để ới�hai�phương�pháp�còn�lạ

ế ả ấ ỉ ố ấ ủa�các�phương�pháp�đượ ể ệ ở

Phương�pháp�collocation Phương�pháp�Dombi�cả ế

ế ả ấ ỉ ủa�phương�pháp�collocation�và�phương�pháp�Dombi�cả ế

ụ này,�phương�pháp�hồ ế ể ấ ỉ ủ ậ ệ
ự ới�độ ể ấ ận�đượ .�Do�đồ ờ ải�xác�đị ả ệ ố mũ�và�hệ



393

ố ủ ố mũ�nên�thườ ể ấ ỉ được�các�hàm�môđun�dão�vớ ả ả
ộ ậ ế ả thu�đượ ới�phương�pháp�này�sẽ không�đượ

ế ả ự ộ ụ ủa�hai�phương�pháp�collocation�và�Dombi�đượ ể ệ ở

Phương�pháp�collocation Phương�pháp�Dombi�cả ế

ự ộ ụ ủa�phương�pháp�collocation�và�phương�pháp�Dombi�cả ế ậc�đa�thứ
ọn�trướ ố lượ ệ ố mũ�chọn�trướ

Phương�pháp�collocation Phương�pháp�Dombi�cả ế

ự ộ ụ ủa�phương�pháp�collocation�và�phương�pháp�Dombi�cả ế
ố lượ ệ ố mũ�thự

ế ả ấy�phương�pháp�collocation�và�Dombi�cả ế ố tương�đố
ố ả ủa�phương�pháp�collocation�đượ ấ ừ

,…, ế ọ ả ,…, ố ủ
phương�pháp�collocation�là�rấ ớ ới�phương�pháp�Dombi�(7
ạnh�đó,�từ ể ấ ằng,�độ ủa�phương�pháp�collocation�gần�như�
đã�đạt�đế ớ ạ ố lượ ệ ố mũ�chọn�trước�tăng�lên�thì�độ ủa�phương�pháp�
ần�như�không�đượ ả ện.�Điề ể đượ ải�thích�như�sau.�Khi�số lượ ệ ố mũ
ả định�được�tăng�lên�đế ộ ức�độ nào�đó�thì�số lượ ệ ố mũ�không�phù�hợ ẽ tăng�
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lên.�Khi�đó�các�hệ ố mũ�không�phù�hợ ẽ ễ ạ ối�ưu�các�hệ ố để ự
ể ố ủ ấ ỉ ế ả ố ệ ố đượ ị ả ố ố

tương�đố ữ ấ ỉ và�hàm�đầ ảm�thêm.�Trong�khi�đó�các�hệ ố mũ�tìm�đượ
ằng�phương�pháp�Dombi�cả ến�đề ữ ị ợ ệc�gia�tăng�số lượ ệ ố

mũ�không�gây�ảnh�hưởng�đế ố ưu� ệ ố nên�độ ủa�phương�pháp�
ế ục�đượ ả ệ

ề ặ ời�gian�tính�toán,�phương�pháp�collocation�giả ết�trướ ị ủ ệ
ố mũ�nên�không�tố ề ờ ụ ể ờ ụ đượ

ứu�trong�bài�báo�này�dao�độ ừ – ự ệ ớ ộ ử Intel�core�i7.�Đố
ới�phương�pháp�Dombi�và�Dombi�cả ế ậ ồm�2�bước,�đó�là�tìm�hệ ố mũ�phù�
ợ ối�ưu�hóa�các�hệ ố ờ ơn,�dao�độ ả ừ 2�đế

ớ ộ ử lý.�Tuy�nhiên,�phương�pháp�Dombi�và�Dombi�cả ến�luôn�đả ả ế ả
ấ ỉ ức�độ ố ốn�trong�khi�phương�pháp�collocation��chỉ ể đạt�đượ

đề ế ệ ố mũ�đượ ự ọn�trướ ả ị ợ ặ ậ
ể ấ ỉ

ờ ủa�phương�pháp�Dombi�cả ế

Ngoài�ra,�phương�pháp�Dombi�và�Dombi�cả ế ự động�xác�đị ị ủ
ệ ố mũ�trong�khi�khi�phương�pháp�collocation�đòi�hỏ ả ự ọn�trướ ề ị ủ ệ
ố mũ�cũng�như�bước�chia�đủ ỏ ủ ệ ố mũ�để ể đạt�đượ ộ ấ ỉ ớ ức�độ

ầ ế ều�trườ ợ ệ ự ọn�trướ ị ủ ệ ố mũ�là�rấ hó�khăn�
ần�như�bấ ả ộ ự,�2018).�Đơn�cử như�trườ ợ ụ ở ụ

ặ ạng�hàm�đầ ất�đơn�giản�nhưng�sai�số ủ ấ ỉ ần�như�không�giả
ự gia�tăng�củ ố đoạ ả ị ủ ệ ố mũ�không�đượ ọn�trướ

ộ ợ ớ ị ủ ự ế ị ợ ủ ệ ố mũ�là�
chưa� biết� trướ ậy� phương� pháp� Dombi� và� Dombi� cả ến� ưu� việt� hơn� phương� pháp�

ế ậ

ừ ụ ể ấ ằng,�phương�pháp�hồ ế ỉ ả năng�
ấ ỉ ố ộ ố ằ ổ ố mũ�khi�khoả ả ẹ ớ ộ ả ả

ộng,�phương�pháp�này�thườ ấ ạ ệ ấ ỉ

Đố ới�phương�pháp�collocation,� ệ ự ọ ị ủ ệ ố mũ�có�tác�độ ấ ớ
đến�các�độ ủ ấ ỉ ế ệ ự ọ ệ ố mũ�không�tố
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ấ ỉ ẽ ố ớ ặ ậ ấ ạ

Đố ới�phương�pháp�Dombi�và�Dombi�cả ế ế ả ấ ỉ ừ các�hàm�cơ�bản�đế
ủ ậ ệ ựa�đều�đạt�độ chính�xác�cao.�Điể ạ ế ủa�phương�pháp�là�tố

ề ời�gian�tính�toán�hơn�các�phương�pháp�còn�lạ ổ ờ ầ ết�để ấ
ỉ ộ ủ ự ớ ỉ dao�độ ả ừ 2�đế

tương�ứ ức�độ ố tương�đố ừ − đế − ả ờ ể
ấ ận�được�để đạt�được�độ ủ ấ ỉ.�Điề ế ệm�đáng�kể

ế ấu�đàn�hồ ớ ằng�phương�pháp�số

ệ ả

–

General�“2S2P1D”�Model�and�Relation�Between�the�
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Evaluating the accuracy of linear viscoelastic properties in the time 

domain analytically approximated from complex modulus data 

Ngoc-Hung Nguyen1,2,*, Phan Thanh-Nhan1,2, Tien-Tho Do2, H.T. Tai Nguyen2 
1Thu Dau Mot University 

2Ho Chi Minh City University of Technology and Education 
*Email: hungnn.ncs@hcmute.edu.vn 

Abstract: Currently, asphalt concrete is widely used for pavement in Vietnam owing to the eases 

of construction and maintenance and the smoothness for vehicles participating in traffic. However, 

evaluating the mechanical properties of asphalt concrete is quite complicated. Normally, the 

characterization of the linear viscoelastic behavior of asphalt concretes is performed in the 

frequency domain to prevent the effects of viscoplastic deformation. Therefore, converting the 

LVE characteristics of asphalt concrete materials from the frequency domain to those in the time 

domain is necessary for pavement analysis in the time domain. The aim of this article is to assess 

the accuracy of analytical approximate methods used for time-frequency interconversion. 

Keywords: linear viscoelastic, relaxation modulus, creep compliance, asphalt mixtures, 

convolutional integral. 

1. Introduction 

Relaxation modulus (RM) and creep compliance (CC) are quantities representing the linear 

viscoelastic (LVE) characteristics of asphalt concrete materials in the time domain. Meanwhile, in the 

frequency domain, the LVE behavior is described by either the complex modulus or complex 

compliance. It has been demonstrated that determining the LVE properties of asphalt concrete in the 

frequency domain is easier to perform than creep or creep testing. The reason is that beyond some 

temperature levels, permanent deformation takes place, causing difficulties to the measurement of pure 

LVE strains. According to [1], the irreversible deformation or viscoelastic deformation of asphalt 

concrete in the creep-recovery test can account for up to 80% of the total deformation. The 

deformation of asphalt mixtures samples measured in creep or creep-recovery tests at high 

temperatures certainly include both viscoelastic and viscoplastic deformation. Thus, the calculation of 

LVE characteristics based on these measurement results will lead to large errors. 

In another study, Kim et al. [2] have showed that the RM and CC obtained from creep and creep 

tests did not coincide with these quantities interconverted from complex modulus data. In addition, 

after making a comparison between the RM computed from creep test data with the complex modulus 

data, Zhang et al. [3] have showed that the relative errors between them were up to 30%. Therefore, in 

most standards and studies, the upper limit of the evaluating temperature during creep testing is set to 

be lower than 30°C to prevent the influence of permanent deformation on measurement data [4-6]. 

Many methods have been proposed for converting the RM and CC function from complex 

modulus data including numerical and analytical methods (see [6] and references quoted therein). 

Among those, the analytical approximate method proposed by Schapery and Park [6] are widely used 

in the community for its simplicity and efficiency. According to Emri et al. [7] and Phan et al. [8], the 

relative errors of the interconverted RM and CC using the method in [6] are at the level of 5%, which 

is good enough for use in pavement engineering. However, exact values of the RM and CC functions 

do not exist yet must be numerically computed. Therefore, the aim of this study is to assess the 

accuracy of the RM and CC via the convolutional integral whose exact values are known a priori. 
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2. Brief overview of linear viscoelastic theory 

The behavior of a linear viscoelastic (LVE) material depends on time (or frequency) and 

temperature; thus, the relationship between the stress and strain of a LVE material is more complex, 

represented by LVE functions in time or frequency. Let ( )t  and ( )t  be the stress and strain at a 

point and at a time t . Considering an excitation of the strain function: ( ) ( )t H t =  wherein ( )H t  is 

the step function such that ( ) 0H t =  for 0t   and ( ) 1H t =  for 0t  , the stress response is a 

decreasing function ( ) ( )t E t =  as illustrated in Fig. 1a. Similarly, when considering a step excitation 

of stress ( ) ( ),t H t =  the strain response is an increasing function ( ) ( )t D t =  as illustrated in Fig. 1b. 

The functions ( )E t  and ( )D t  are respectively called the relaxation modulus (RM) and creep 

compliance (CC) functions, representing the LVE properties of the material in the time domain. 

 

Figure 1. Illustration of relaxation modulus function (a) and creep compliance function (b) 

For a LVE material, the stress and strain responses caused by arbitrary excitations of strain and 

stress can be obtained by applying the Boltzmann superposition principle and are written under 

convolutional integrals [9-10]: 

 ( ) ( ) ( ) ;  ( ) ( ) ( )

t t

t E t d t D t d         
− −

= − = −   (1) 

For asphalt mixtures, experimental testing in the time domain is difficult because of the 

existence of permanent strain preventing the accurate capture of pure LVE strain. Therefore, testing in 

the frequency domain is much preferred in the community. Let us consider a sinusoidal excitation of 

strain:  

 ( ) ( )0 sint t  = , (2) 

where 
0 is the oscillation amplitude and   is the angular frequency. Substituting Eq. (2) into Eq. (1) 

gives rise to: 

 ( ) ( ) ( )0 cos

t

t E t d     
−

= − . (3) 

We also understand that the strain input is the real part of the complex strain 

( ) ( ) ( )( )0 0cos .sin . i ti t t i t e      = + = . Therefore, formula (3) is rewritten as follows: 
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 ( ) ( )0

t

i tt i E t e d    
−

 
=  − 

 
 , (4) 

where 2 1i = −  is the imaginary unit;  A   real part of A . Performing a change of variable u t = −

in Eq. (4) give rise to 

 ( ) ( )0

0

.i t i ut e i E u e du   


−
 

= 
 

 . (5) 

In addition, the complex stress is also calculated as follows: 

 ( ) ( ) ( ) ( )*.t i t i t E i      =  =    . (6) 

By comparing Eq. (6) with Eq. (5), and making use of ( ) 0. i ti t e   = , one can derive the complex 

modules [9]: 

 ( ) ( )*

0

i tE i i E t e dt 


−=  . (7) 

It can be demonstrated that [10]: 

 ( ) ( ) ( )0 0

0 0

cos cos sin sint t E u udu t E u udu        
+ +

= +  , (8) 

or  ( ) ( ) ( )
( )

( )
"

'
E

t E t t


   


= + , (9) 

where: ( ) ( ) ( )'

0 0

sin sinE E u u du E t t dt    
 

= =   is the storage modulus, representing elastic 

behavior and ( ) ( ) ( )"

0 0

cos cosE E u u du E t t dt    
 

= =   is the loss modulus, representing the 

viscous behavior. The storage and loss modules are in fact two components of the complex modulus 

whose norm and argument are respectively called the dynamic modulus and phase angle [9-10]: 

 ( ) ( ) ( )
2 2*E E E   = + , ( )

( )

( )
1

"
tan

'
E

E

E


 



−= . (10) 

It was demonstrated that the storage and loss modulus are not independent yet interrelated with 

each other via Kramers-Kronig relationships [9-10]:  

 ( )
( )

( )
( )2

2 2 2 2

0 0

" / '2 2
' ; " ;

E w w E
E dw E dw

w w

 
 

   

 

= =
− −   (11) 

 
( ) ( )

0 0

" cos ' sin
d , 0

E t E t
d t

   
 

 

+ +

=     (12) 

Similarly, the relationship between the dynamic modulus and phase angles can also be derived: 

 ( )
( )*

0

ln1
ln ln

ln
E

d E uu
d u

u d u


 

 

+
+

=
− . (13) 

Because the properties of the material are unique, quantities that characterize the properties of 

the material such as relaxation modulus ( )E t , creep compliance ( )D t , complex modulus *( )E  and 
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complex compliance *( )D  can be converted into each other. The LVE characteristics in frequency 

and time domain are interrelated through Carson transformations [6,9]: 

 0 0

ˆ ˆ ˆ ˆ( ) ( ) ;  ( ) ( ) ;  ( ). ( ) 1st stE s s E t e dt D s s D t e dt E s D s

 

− −= = = 
 (14) 

 
ˆ ˆ*( ) ( ) ;  *( ) ( )E E s s i D D s s i   = → = →

 (15) 

In practice, the approximate analytical formulas of Schapery and Park [6] is widely used for its 

efficiency and simplicity, which is summarized in Eqs. (16)-(17): 

 
( )

( )
( )

'1
;  ' (1 )cos( )

' 2

E
E t n n

 
 

  

 
= = =  − 

 
  (16) 

 
sin( )

( ). ( )
n

E t D t
n




=  (17) 

where ( )'E  is storage modulus, 
1

0

( ) t xx e t dt



− − =  is Gamma function and n  is the local slope of the 

curve of 'log( ( ))E   versus log( ) . 

The relationship between the relaxation modulus ( )E t  and the creep compliance ( )D t  is given 

in [9-10]: 

 ( ) ( ) ( ) ( ) ( )
0 0

t t

I t E t D d E D t d t     = −   =  −  =  . (18) 

In addition, the complex modulus is the inverse of the complex compliance and vice-versa [9-10]: 

 ( ) ( )* * 1E D  = . (19) 

3. Numerical results 

In this example, the purpose is to evaluate the accuracy of the relaxation modulus and creep 

compliance function analytically derived from dynamic modulus data using the Schapery and Park’s 

formulas given in Eq. (16) while computing the convolutional integral in Eq. (18). Therefore, the 

results of LVE characterization of the asphalt mixtures in [11] were reused here. The stress-strain 

relationships in the frequency domain of the materials were represented by the well-known Huet – 

Sayegh (HS) model as described in Fig. 2. 

 

Figure 2. Illustration of Huet-Sayegh model 

The complex modulus of HS model was given in [12] and is reminded in Eq. (20): 

 ( )
( ) ( )

* 0
0

1
HS k h

E E
E E

i i


  



− −

−
= +

+ +
 (20) 
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The HS parameters of the materials were determined in [11] by minimizing the errors between 

the theoretical and experimental data and are summarized in Table 1. 

Table 1. Huet-Sayegh parameters of the studied mixtures. 

Mixture ( )oE MPa  ( )E MPa
 k  h    ( )s  

0( )refT C  

Modified 139 45,000 0.250 0.500 4.938 16.302 20 

Unmodified 140 19,550 0.390 0.500 12.000 20.000 20 

Based on the parameters in Table 1 and formulas in Eq. (16)-(17), we calculated the RM and 

CC and are shown in Figs. 1(a) and 1(b). 

Since the HS model does not exist exact formula of RM and CC in time domain, the 

convolutional integral in Eq. (18) was used in this study to assess the accuracy of the RM and CC. The 

exact values of the integral are known a priori; thus, the errors of the integral can be calculated as: 

 ( ) /err I t t t=  −    (21) 

In practice, the RM and CC functions are decomposed into sum of exponential functions 

(SEFs), called the Prony series to derived recursive formulas between stress and strain [13]. As a 

result, the computational cost can be significantly reduced [14]. By using the modified Dombi 

algorithm [14], the RM and CC functions were decomposed into SEFs with high accuracy: 

  ( )
1

i

i

n
t

i

i

E t E a e




=

= + , (22) 

 ( ) 0

1

j

j

n
t

j

j

D t D b e


=

= − . (23) 

As result, the convolutional integral in Eq. (18) can be analytically calculated by: 

 ( )

( ) ( )

( )

( ) ( )

0 0

1 1

1 1

0

0 0

1 1

1 1

1 1

 if 

( )

1 1

 if 

j i

j i

j i

i

n m
tj ti

j ij i

m n
ti j t

i jt
i j j i

n m
tj ti

j ij i

m n
t

i j i j

i j

b a
t E e D e

a b
e e

E t D d
b a

t E e D e

a b e t

 

 

 



 

 
 

  

 

 

= =

= =

= =

= =


+ − − −



− − 

−
− = 


+ − − −




−  =


 




 



 (24) 

Furthermore, the integral was also numerically calculated using the mid-point rules: 
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1m mt t t − = −  (27) 
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Figure 3. Decomposition of RM (a) and CC (b) functions into SEFs 

Fig. 3 shows the results of the decomposition of RM and CC functions into SEFs. It can be seen 

that the source functions and the SEFs coincide very well with each other. In fact, the relative errors of 

the decomposition were less than 0.1% at all evaluated points (see Fig. 4(a) and (b)).  

 

Figure 4. Errors of the decomposition of RM (a) and CC (b) functions into SEFs 

Figs. 5 and 6 display the results of calculating the convolutional integral of the unmodified 

asphalt concrete materials, while Figs. 7 and 8 show the results obtained with the modified asphalt 

mixture. The graphs respectively show the errors when using the analytical and numerical integration 

methods. Based on the charts in Figs. 5 and 6, it can be seen that when using the explicit integration 

method, there are larger errors than when using the numerical integration method, especially in the 

early period from 10-10 s to 10-8 where significant errors can be clearly observed. Meanwhile, the error 

when using numerical integration is relatively small. According to the obtained results, the relative 

errors of the convolutional integrals ranged from -3% to 5%, which is in good accord with previous 

findings of Emri et al. [7] and Phan et al. [8]. 
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Figure 5. Values of the convolutional integral computed with the HS parameters of the unmodified 

mixture (a) and zoom in the time range from 1010−  to 810 s− (b) 

 

Figure 6. Values of the convolutional integral computed with the HS parameters of the modified 

mixture (a) and zoom in the time range from 1010−  to 810− (b) 

 

Figure 7. Errors of the convolutional integrals obtained with (a) unmodified mixture, 

 (b) modified mixture 

4. Conclusion 

The accuracy of the relaxation modulus and creep compliance function analytically 

approximated from complex modulus data has been successfully assessed by evaluating the 
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convolutional integral. Owing to the exact value of the convolutional integral, the relative errors of the 

converted relaxation modulus and creep compliance were evaluated in a reliable manner. The results 

of this work again confirm the level of accuracy of the converted relaxation modulus and creep 

compliance (approximately 5%) already discussed in previous studies. The extent of errors is small 

enough for uses in analysis and design of asphalt pavement. 
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